FUNDAMENTAL
METHODS OF
MATHEMATICAL
ECONOMICS

Third Edition

Alpha C. Chiang

Professor of Economics
The University of Connecticut

McGraw-Hill, Inc.

New York St. Louis San Francisco Auckland Bogotd
Caracas Lisbon London Madrid Mexico City Milan
Montreal New Delhi San Juan Singapore

Sydney Tokyo Toronto



This book was set in Times Roman by Scien¢e Tvpographers, Inc.
The editors were Patricia A. Mitchell and Gail Gavert:

the production supervisor was Lergv'A. Young.

The cover was designed by Carla Bauet.

FUNDAMENTAL METHODS OF MATHEMATICAL ECONOMICS

Copyright € 1984, 1974, 1967 by-M¢Graw-Hill. Inc. All rights reserved.
Printed in the United States of America. Except as permitted under the
United States Copyright-Aet of 1976. no part of this publication may be
reproduced or distributed in any form or by anv means. or stored in a data
base or retrieval system,/without the prior written permission of the
publisher.

21 22 232425 26 27 28 29 30 FGRFGR 9 9

ISBN 0-07-010813-7

Library of Congress Cataloging in Publication Data

Chiang, Alpha C., date
Fundamental methods of mathematical economics.

Bibliography: p.

Includes index.

1. Economics, Mathematical. 1. Title.
HBI135.C47 1984 330°.01'51 83-19609
ISBN 0-07-010813-7

This book is printed on acid-free paper.



Part'2

31
32

CONTENTS

Preface

Introduction

The Nature of Mathematical Economics

Mathematical versus Nonmathematical Economics
Mathematical Economics versus Econometrics

Economic. Models

Ingredients of a Mathematical Model

The Real-Number System

The Concept of Sets

Relations and Functions

Types’of Function

Functions of Two or More Independent Variables
Levels of Generality

Static (or Equilibrium) Analysis
Equilibrium Analysis in Economics

The Meaning of Equilibrium
Partial Market Equilibrium— A Linear Model

10
11
17
23
29
31

35

35
36



vi CONTENTS

33
3.4
3.5

4

4.1
42
43
44
45
4.6

5

5.1
5.2
53
5.4
55
5.6
5.7
5.8

Part 3

6.1
6.2
63
6.4
6.5
6.6
67

7.1
7.2

7.3
7.4

7.5
7.6

Partial Market Equilibrium-—A Nonlinear Model
General Market Equilibrium
Equilibrium in National-Income Analysis

Linear Models and Matrix Algebra

Matrices and Vectors

Matrix Operations

Notes on Vector Operations

Commutative, Associative, and Distributive Laws
Identity Matrices and Null Matrices

Transposes and Inverses

Linear Models and Matrix Algebra (Continued)

Conditions for Nonsingularity of a Matrix

Test of Nonsingularity by Use of Determinant

Basic Properties of Determinants

Finding the Inverse Matrix

Cramer’s Rule

Application to Market and National-Income Models
Leontief Input-Output Models

Limitations of Static Analysis

Comparative-Static Analysis

Comparative Statics and the Concept
of Derivative

The Natureof Comparative Statics

Rate of Change and the Derivative

The Derivative and the Slope of a Curve

The Concept of Limit

Digression on Inequalities and Absolute Values
Limit Theorems

Continuity and Differentiability of a Function

Rules of Differentiation and Their Use
in Comparative Statics

Rules of Differentiation for a Function of One Variable
Rules of Differentiation Involving Two or More
Functions of the Same Variable

Rules of Difterentiation Involving Functions of
Different Variables

Partial Differentiation

Applications to Comparative-Static Analysis

Note on Jacobian Determinants

40
46
52

54

55
58
67
76
79
82

&8

88
92
98
103
107
112
115
124

127

127
128
131
132
141
145
147

155
155

159

169
174
178
184



8.1
8.2
8.3
8.4
8.5
8.6
8.7

Part 4

9.1
9.2
93
9.4
9.5
9.6

10

10.1
10.2

10.3
10.4
10.5
10.6
10.7

11

11
N.2
183
11.4
11.5
11.6
1.7

12
12.1
12.2
123

Comparative-Static Analysis of

CONTENTS vii

General-Function Models 187
Differentials 188
Total Differentials 194
Rules of Differentials 196
Total Derivatives 198
Derivatives of Implicit Functions 204
Comparative Statics of General-Function Models 215
Limitations of Comparative Statics 226
Optimization Problems

Optimization: A Special Variety of

Equilibrium Analysis 231
Optimum Values and Extreme Values 232
Relative Maximum and Minimum: First-Derivative Test 233
Second and Higher Derivatives 239
Second-Derivative Test 245
Digression on Maclaurin and Taylor Series 254
N th-Derivative Test for/Relative Extremum of a

Function of One Variable 263
Exponential and Logarithmic Functions 268
The Nature of Exponential Functions 269
Natural Exponential Functions and the Problem

of Growth 274
Logarithms 282
Logarithmic Funetions 287
Derivatives-of Exponential and Logarithmic Functions 292
Optimal Timing 298
Further“Applications of Exponential and

Logarithmic Derivatives 302
The Case of More than One Choice Variable 307
The Differential Version of Optimization Conditions 308
Extreme Values of a Function of Two Variables 310
Quadratic Forms— An Excursion 319
Objective Functions with More than Two Variables 332
Second-Order Conditions in Relation to Concavity and Convexity 337
Economic Applications 353
Comparative-Static Aspects of Optimization 364
Optimization with Equality Constraints 369
Effects of a Constraint 370
Finding the Stationary Values 372

Second-Order Conditions

379



viii CONTENTS

12.4  Quasiconcavity and Quasiconvexity

12.5  Utility Maximization and Consumer Demand
126 Homogeneous Functions

127 Least-Cost Combination of Inputs

12.8  Some Concluding Remarks

Part 5 Dynamic Analysis

13 Economic Dynamics and Integral Calculus

13.1  Dynamics and Integration

13.2  Indefinite Integrals

13.3  Definite Integrals

13.4  Improper Integrals

135 Some Economic Applications of Integrals
13.6  Domar Growth Model

14 Continuous Time; First-Order
Differential Equations

14.1  First-Order Linear Differential Equations with Constant

Coefficient and Constant Term
142  Dynamics of Market Price
14.3  Variable Coefficient and Variable Term
144 Exact Differential Equations

145 Nonlinear Differential- Equations of the First Order

and First Degree
14.6  The Qualitative-Graphic Approach
147 Solow Growth-Model

15 Higher-Order Differential Equations

15.1  Second-Order Linear Differential Equations with

Constant-Coefficients and Constant Term
152 < Complex Numbers and Circular Functions
15.3— Analysis of the Complex-Root Case
154 A-Market Model with Price Expectations

15.5°\ The Interaction of Inflation and Unemployment

15.6  “Differential Equations with a Variable Term
157> Higher-Order Linear Differential Equations

16 Discrete Time: First-Order Difference Equations
16.1  Discrete Time, Differences, and Difference Equations

162 Solving a First-Order Difference Equation
16.3  The Dynamic Stability of Equilibrium
16.4  The Cobweb Model

16.5 A Market Model with Inventory

16.6  Nonlinear Difference Equations— The Qualitative-Graphic Approach

387
400
410
418
431

435

436
437
447
454
458
465

470

470
475
480
483

489
493
496

502

503
511
523
529
535
541
544

549

550
551
557
561
566
569



CONTENTS ix

17 Higher-Order Difference Equations 576
17.1  Second-Order Linear Difference Equations with Constant
Coefficients and Constant Term 577
17.2  Samuelson Multiplier-Acceleration Interaction Model 585
17.3  Inflation and Unemployment in Discrete Time 591
17.4  Generalizations to Variable-Term and Higher-Order Equations 596
18 Simultaneous Differential Equations and
Difference Equations 605
18.1  The Genesis of Dynamic Systems 605
18.2  Solving Simultaneous Dynamic Equations 608
18.3  Dynamic Input-Output Models 616
18.4  The Inflation-Unemployment Model Once More 623
18.5  Two-Variable Phase Diagrams 628
18.6  Linearization of a Nonlinear Differential-Equation System 638
18.7  Limitations of Dynamic Analysis 646

Part 6 Mathematical Programming

19 Linear Programming 651
19.1  Simple Examples of Linear Programming 652
19.2  General Formulation of Linear Programs 661
19.3  Convex Sets and Linear Programming 665
194  Simplex Method: Finding-the Extreme Points 671
19.5  Simplex Method: Finding)the Optimal Extreme Point 676
19.6  Further Notes on the Simplex Method 682

20 Linear Programming (Continued) 688
20.1  Duality 688
202 Economic-Interpretation of a Dual 696
203  Activity Analysis: Micro Level 700
204  Activity-Analysis: Macro Level 709

21 Nonlinear Programming 716
21.1 " The Nature of Nonlinear Programming 716
21.2—Kuhn-Tucker Conditions 722
21.3 The Constraint Qualification 731
21.4 ) Kuhn-Tucker Sufficiency Theorem: Concave Programming 738
2135, Arrow-Enthoven Sufficiency Theorem: Quasiconcave Programming 744
216 Economic Applications 747
21.7  Limitations of Mathematical Programming 754

The Greek Alphabet 756
Mathematical Symbols 757
A Short Reading List 760
Answers to Selected Exercise Problems 763

Index 781



ONE

INTRODUCTION



CHAPTER

ONE
THE NATURE OF MATHEMATICAL ECONOMICS

Mathematical economics is not-a’distinct branch of economics in the sense that
public finance or international trade is/ Rather, it is an approach to economic
analysis, in which the economist makes use of mathematical symbols in the
statement of the problem and also dfaws upon known mathematical theorems to
aid in reasoning. As far aslthe specific subject matter of analysis goes. it can be
micro- or macroeconomic theory, public finance, urban economics, or what not.

Using the term mathematical economics in the broadest possible sense, one
may very well say that every elementary textbook of economics today exemplifies
mathematical economics insofar as geometrical methods are frequently utilized to
derive theoretical\results. Conventionally, however, mathematical economics is
reserved to describe cases employing mathematical techniques beyond simple
geometry, such as matrix algebra, differential and integral calculus, differential
equations, difference equations, etc. It is the purpose of this book to introduce the
reader to-the most fundamental aspects of these mathematical methods— those
encoumntered daily in the current economic literature.

1.1 . MATHEMATICAL VERSUS NONMATHEMATICAL
ECONOMICS

Since mathematical economics is merely an approach to economic analysis, it
should not and does not differ from the nonmathematical approach to economic
analysis in any fundamental way. The purpose of any theoretical analysis,
regardless of the approach, is always to derive a set of conclusions or theorems
from a given set of assumptions or postulates via a process of reasoning. The
major difference between “mathematical economics™ and “literary economics”

3



4 INTRODUCTION

lies principally in the fact that, in the former, the assumptions and conclusions are
stated in mathematical symbols rather than words and in equations rather than
sentences; moreover, in place of literary logic, use is made of mathematical
theorems—of which there exists an abundance to draw upon—in the reasoning
process. Inasmuch as symbols and words are really equivalents-(witness the fact
that symbols are usually defined in words), it matters little which\is chosen over
the other. But it is perhaps beyond dispute that symbols are more convenient to
use in deductive reasoning, and certainly are more conducive<to conciseness and
preciseness of statement.

The choice between literary logic and mathematical logic, again, is a matter of
little import, but mathematics has the advantage of forcing analysts to make their
assumptions explicit at every stage of reasoning. This is because mathematical
theorems are usually stated in the “if-then” form, so that in order to tap the
“then” (result) part of the theorem for their use; they must first make sure that
the “if” (condition) part does conform to the explicit assumptions adopted.

Granting these points, though, one/may still ask why it is necessary to go
beyond geometric methods. The answer is that while geometric analysis has the
important advantage of being visual, it also suffers from a serious dimensional
limitation. In the usual graphical discussion of indifference curves, for instance,
the standard assumption is thdat only rwo commodities are available to the
consumer. Such a simplifying assumption is not willingly adopted but is forced
upon us because the task of drawing a three-dimensional graph is exceedingly
difficult and the construction of a four- (or higher) dimensional graph is actually a
physical impossibility. To-deal with the more general case of 3, 4, or n goods, we
must instead resort to“the miore flexible tool of equations. This reason alone
should provide sufficient motivation for the study of mathematical methods
beyond geometry.

In short, we see that the mathematical approach has claim to the following
advantages: (1) The language” used is more concise and precise; (2) there exists
a wealth of mathematical theorems at our service; (3) in forcing us to state
explicitly all our assumptions as a prerequisite to the use of the mathematical
theorems; it keeps us from the pitfall of an unintentional adoption of unwanted
implicit assumptions; and (4) it allows us to treat the general n-variable case.

Against these advantages, one sometimes hears the criticism that a mathe-
matically  derived theory is inevitably unrealistic. However, this criticism is not
valid: In fact, the epithet “unrealistic” cannot even be used in criticizing eco-
nomic theory in general, whether or not the approach is mathematical. Theory is
by its very nature an abstraction from the real world. It is a device for singling
out.only the most essential factors and relationships so that we can study the crux
of the problem at hand, free from the many complications that do exist in the
actual world. Thus the statement “theory lacks realism” is merely a truism that
cannot be accepted as a valid criticism of theory. It then follows logically that it is
quite meaningless to pick out any one approach to theory as “unrealistic.” For
example, the theory of firm under pure competition is unrealistic, as is the theory
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of firm under imperfect competition, but whether these theories are derived
mathematically or not is irrelevant and immaterial.

In sum, we might liken the mathematical approach to a “mode of transporta:
tion” that can take us from a set of postulates (point of departure)/to a set of
conclusions (destination) at a good speed. Common sense would tell us that, if
you intend to go to a place 2 miles away. you will very likely prefer driving to
walking, unless you have time to kill or want to exercise your legs, Similarly. as a
theorist who wishes to get to your conclusions more rapidly. yoo will find it
convenient to “drive” the vehicle of mathematical techniques appropriate for your
particular purpose. You will, of course. have to take “driving lessons™ first; but
since the skill thus acquired tends to be of service for a long, long while, the time
and effort required would normally be well spent indeed.

For a serious “driver”’—to continue with the metaphor—some solid lessons
in mathematics are imperative. It is obviously impossiblé to introduce all the
mathematical tools used by economists in a single volume. Instead. we shall
concentrate on only those that are mathematically the most fundamental and
economically the most relevant. Even so, if you workl through this book conscien-
tiously. you should at least become proficient enough to comprehend most of the
professional articles you will come across in-such periodicals as the American
Economic Review, Quarterly Journal-of! E¢onomics. Journal of Political Economy,
Review of Economics and Statistics:and Economic Journal. Those of you who,
through this exposure, develop a serious-interest in mathematical economics can
then proceed to a more rigorous and advanced study of mathematics.

1.2 MATHEMATICAL ECONOMICS VERSUS ECONOMETRICS

The term * mathematical economics™ is sometimes confused with a related term,
“econometrics.” As ¢he-“metric” part of the latter term implies, econometrics is
concerned mainly with the'measurement of economic data. Hence it deals with
the study of empirical> observations using statistical methods of estimation and
hypothesis testing—Mathematical economics, on the other hand, refers to the
application of mathematics to the purely theorerical aspects of economic analysis,
with little or-no-concern about such statistical problems as the errors of measure-
ment of the variables under study.

In the present volume. we shall confine ourselves to mathematical economics.
That 1s; weoshall concentrate on the application of mathematics to deductive
reasoning rather than inductive study. and as a result we shall be dealing
primarily with theoretical rather than empirical material. This is, of course, solely
a matter of choice of the scope of discussion, and it is by no means implied that
econometrics is less important.

Indeed, empirical studies and theoretical analyses are often complementary
and mutually reinforcing. On the one hand. theories must be tested against
empirical data for validity before they can be applied with confidence. On the
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other, statistical work needs economic theory as a guide, in order to determine
the most relevant and fruitful direction of research. A classic illustration of the
complementary nature of theoretical and empirical studies is found in the study
of the aggregate consumption function. The theoretical work of Keynes on the
consumption function led to the statistical estimation of the propensity to
consume, but the statistical findings of Kuznets and Goldsmith)tegarding the
relative long-run constancy of the propensity to consume (in—econtradiction to
what might be expected from the Keynesian theory), (in turn, stimulated the
refinement of aggregate consumption theory by Duesenberry, Friedman, and
others.*

In one sense, however, mathematical economics may be considered as the
more basic of the two: for, to have a meaningful statistical and econometric
study, a good theoretical framework— preferably in~a mathematical formulation
—1is indispensable. Hence the subject mattér of ‘the present volume should be
useful not only for those interested in theoretical économics, but also for those
seeking a foundation for the pursuit of econometric studies.

*John M. Keynes, The General Theory of Employment. Interest and Money, Harcourt, Brace and
Company, Inc., New York, 1936, Book III: Simon Kuznets, National Income: A Summary of Findings.
National Bureau of Economic Research, 1946, p. 53: Raymond Goldsmith, 4 Study of Saving in the
United States, vol. 1, Princeton University Press, Princeton, N.J., 1955, chap. 3; James S. Duesenberry,
Income, Suaving, and the Theory of Consumer Behavior, Harvard University Press, Cambridge, Mass.,
1949; Milton Friedman, 4 Theory of the Consumption Function, National Bureau of Economic
Research, Princeton University Press, Princeton, N.J., 1957.
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'WO
ECONOMIC MODELS

As mentioned before, any ‘economic theory is necessarily an abstraction from the
real world. For one thing, the immense complexity of the real economy makes it
impossible for us to understand all the interrelationships at once; nor, for that
matter, are all these ‘interrelationships of equal importance for the understanding
of the particular gconomic phenomenon under study. The sensible procedure is,
therefore, to pick out what appeal to our reason to be the primary factors and
relationships relevant)to our problem and to focus our attention on these alone.
Such a deliberately simplified analytical framework is called an economic model,
since it is-only a skeletal and rough representation of the actual economy.

2.1, INGREDIENTS OF A MATHEMATICAL MODEL

An economic model is merely a theoretical framework, and there is no inherent
reason’ why it must be mathematical. If the model is mathematical, however, it
willjusually consist of a set of equations designed to describe the structure of the
model. By relating a number of variables to one another in certain ways, these
equations give mathematical form to the set of analytical assumptions adopted.
Then, through application of the relevant mathematical operations to these
equations, we may seek to derive a set of conclusions which logically follow from
those assumptions.
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Variables, Constants, and Parameters

A wvariable is something whose magnitude can change, i.e., something that can
take on different values. Variables frequently used in economicy include price,
profit, revenue, cost, national income, consumption, investment, imports, exports,
and so on. Since each variable can assume various values, it must be represented
by a symbol instead of a specific number. For example, we may represent price by
P, profit by 7, revenue by R, cost by C, national income'by. Y, and so forth.
When we write P = 3 or C = 18, however, we are “freezing”) these variables at
specific values (in appropriately chosen units).

Properly constructed, an economic model can b¢ solved.to give us the solution
values of a certain set of variables, such as the market-¢learing level of price, or
the profit-maximizing level of output. Such variables, whose solution values we
seek from the model, are known as endogenous variables (originating from within).
However, the model may also contain variables which are assumed to be
determined by forces external to the model,-and whose magnitudes are accepted
as given data only; such variables are called exogenous variables (originating from
without). It should be noted that a variable that is endogenous to one model may
very well be exogenous to another. In ananalysis of the market determination of
wheat price ( P), for instance, the variable P should definitely be endogenous; but
in the framework of a theory of‘consumer expenditure, 7 would become instead a
datum to the individual consumer, and must therefore be considered exogenous.

Variables frequently appear in combination with fixed numbers or constants,
such as in the expressions 7P or 0.5R. A constant is a magnitude that does not
change and is thereforethe antithesis of a variable. When a constant is joined to a
variable, it is often referred-to as the coefficient of that variable. However, a
coefficient may be symbolic rather than numerical. We can, for instance, let the
symbol a stand for-a given constant and use the expression ¢P in lieu of 7P in a
model, in order to attain a higher level of generality (see Sec. 2.7). This symbol a
is a rather peculiar-case—it is supposed to represent a given constant, and yet,
since we have not.assigned to it a specific number, it can take virtually any value.
In short, it is.a constant that 1s variable! To identify its special status, we give it
the distinctive-name parametric constant (or simply parameter).

It must be duly emphasized that, although different values can be assigned to
4 parameter; it is nevertheless to be regarded as a datum in the model. It is for
this.reason’ that people sometimes simply say “constant” even when the constant
is. parametric. In this respect, parameters closely resemble exogenous variables,
for both are to be treated as “givens” in a model. This explains why many writers.
for-simplicity, refer to both collectively with the single designation “parameters.”

As a matter of convention, parametric constants are normally represented by
the symbols a, b, ¢, or their counterparts in the Greek alphabet: a, 8, and y. But
other symbols naturally are also permissible. As for exogenous variables, in order
that they can be visually distinguished from their endogenous cousins, we shall
follow the practice of attaching a subscript 0 to the chosen symbol. For example,
if P symbolizes price, then P, signifies an exogenously determined price.
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Equations and ldentities

Variables may exist independently, but they do not really become interesting until
they are related to one another by equations or by inequalities. Af/this juncture
we shall discuss equations only.

In economic applications we may distinguish between three types of equa-
tion: definitional equations, behavioral equations, and equilibrium conditions.

A definitional equation sets up an identity between two alternate expressions
that have exactly the same meaning. For such an equation, the identical-equality
sign = (read: “is identically equal to”) is often employed in place of the regular
equals sign =, although the latter is also acceptable. As/an example, total profit is
defined as the excess of total revenue over total cost; we can therefore write

7T=R-C

A behavioral equation, on the other hand/ specifies the manner in which a
variable behaves in response to changes in_other/variables. This may involve
either human behavior (such as the aggregate consumption pattern in relation to
national income) or nonhuman behavior(such as/how total cost of a firm reacts to
output changes). Broadly defined, belavioral equations can be used to describe
the general institutional setting/of a model, including the technological (e.g.,
production function) and legal (e.g.. tax structure) aspects. Before a behavioral
equation can be written, however, it is always necessary to adopt definite
assumptions regarding the behavior pattern of the variable in question. Consider
the two cost functions

(2.1) C=75+10Q
(22) C=110+ Q>

where O denotes the quantity of output. Since the two equations have different
forms, the production condition assumed in each is obviously different from the
other. In (2.1), the fixedcost (the value of C when Q = 0) is 75, whereas in (2.2) it
is 110. The variation in cost is also different. In (2.1), for each unit increase in Q,
there is a constant increase of 10 in C. But in (2.2), as Q increases unit after unit,
C will increase by progressively larger amounts. Clearly, it is primarily through
the specification of the form of the behavioral equations that we give mathemati-
cal\expression to the assumptions adopted for a model.

The third type of equations, equilibrium conditions, have relevance only if our
model inyolves the notion of equilibrium. If so, the equilibrium condition is an
equation that describes the prerequisite for the attainment of equilibrium. Two of
the most familiar equilibrium conditions in economics are

Q,= 0, [quantity demanded = quantity supplied]
and S=1 [intended saving = intended investment]

which pertain, respectively, to the equilibrium of a market model and the
equilibrium of the national-income model in its simplest form. Because equations
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of this type are neither definitional nor behavioral, they constitute a class by
themselves.

2.2 THE REAL-NUMBER SYSTEM

Equations and variables are the essential ingredients of a-mathematical model.
But since the values that an economic variable takes are Usually numerical, a few
words should be said about the number system. Here, we shall deal only with
so-called “real numbers.”

Whole numbers such as 1.2,3. ... are called (positive integers; these are the
numbers most frequently used in counting. Their/ negative counterparts
— 1. =2, =3.... are called negative integers: these can be employed, for example.

to indicate subzero temperatures (in degrees), The number 0 (zero), on the other
hand. is neither positive nor negative. and is in that/sense unique. Let us lump all
the positive and negative integers and the number zero into a single category.
referring to them collectively as the ser,of \all integers.

Integers. of course, do not exhdust all the possible numbers, for we have
fractions, such as 5. . and ;. which—<if placed on a ruler-—would fall between
the integers. Also, we have negative‘fractions, such as — ¥ and — i. Together.
these make up the set of all fractions.

The common property of all fractional numbers is that each is expressible as
a ratio of two integers; thus fractions qualify for the designation rational numbers
(in this usage, rational means ratio-nal). But integers are also rational. because
any integer n can be considered as the ratio n/1. The set of all integers and the set
of all fractions together form-the ser of all rational numbers.

Once the notion of rational numbers is used, however, there naturally arises
the concept of irrational numbers—numbers that cannor be expressed as ratios of
a pair of integers.-One example is the number V2 = 1.4142.... which is a
nonrepeating, nonterminating decimal. Another is the special constant = =
3.1415. .. (representing the ratio of the circumference of any circle to its diame-
ter). whichris“again a nonrepeating, nonterminating decimal, as is characteristic of
all irrational numbers.

Eachirrational number. if placed on a ruler, would fall between two rational
numbers.so that, just as the fractions fill in the gaps between the integers on a
ruler. the irrational numbers fill in the gaps between rational numbers. The result
of\this\filling-in process is a continuum of numbers. all of which are so-called
“realbonumbers.” This continuum constitutes the ser of all real numbers. which is
often denoted by the symbol R. When the set R is displayed on a straight line (an
extended ruler). we refer to the line as the real line.

In Fig. 2.1 are listed (in the order discussed) all the number sets, arranged in
relationship to one another. If we read from bottom to top, however, we find in
effect a classificatory scheme in which the set of real numbers is broken down into
its component and subcomponent number sets. This figure therefore is a summary
of the structure of the real-number system.
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Integers —1 l‘ Fractions

Rational {rrational
numbers numbers

Real
numbers Figure 2.1

Real numbers are all we need for the first 14 chapters of this book, but they
are not the only numbers used in mathematics.-In fact, the réason for the term
“real” is that there are also “imaginary” numbers, which have to do with the
square roots of negative numbers. That concept will be discussed later, in Chap.
15.

2.3 THE CONCEPT OF SETS

We have already employed the word “set” several times. Inasmuch as the concept
of sets underlies every branch ¢f modern mathematics, it is desirable to familiarize
ourselves at least with its more basic aspects.

Set Notation

A set 1s simply a collection of distinct objects. These objects may be a group of
(distinct) numbers, or_something else. Thus, all the students enrolled in a
particular economics course can be considered a set, just as the three integers 2, 3,
and 4 can form a-set. The objects in a set are called the elements of the set,

There are two alternative ways of writing a set: by enumeration and by
description.\If we let S represent the set of three numbers 2, 3, and 4, we can write,
by enumeration of the elements,

S =42.3.4}

Butif we let 7 denote the set of all positive integers, enumeration becomes
difficult, and we may instead simply describe the elements and write

I = {x | x a positive integer}

which is read as follows: “I is the set of all (numbers) x, such that x is a positive
integer.” Note that braces are used to enclose the set in both cases. In the
descriptive approach, a vertical bar (or a colon) is always inserted to separate the
general symbol for the elements from the description of the elements. As another
example, the set of all real numbers greater than 2 but less than 5 (call it J) can
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be expressed symbolically as
J={x]2<x<5}

Here, even the descriptive statement is symbolically expressed.

A set with a finite number of elements, exemplified by set S above; is called a
Jinite set. Set I and set J, each with an infinite number of eléments, are, on the
other hand, examples of an infinite set. Finite sets are always-denumerable (or
countable), 1.e., their elements can be counted one by ong \in the sequence
1.2,3,.... Infinite sets may, however, be either denumerable/(set I above), or
nondenumerable (set J above). In the latter case, there is no way to associate the
elements of the set with the natural counting numbers1,2,3,..., and thus the set
is not countable.

Membership in a set is indicated by the symbol € (a variant of the Greek
letter epsilon € for “element”). which is read; “is\an element of.” Thus, for the
two sets § and [ defined above. we may write

2eS 3e s el 9] (etc.)

but obviously 8 &€ S (read: “8 is not‘an element of set S7). If we use the symbol
R to denote the set of all real numbers.“then the statement “x is some real
number” can be simply expressed by

xX€E€R

Relationships between Sets

When two sets are compared-with each other, several possible kinds of relation-
ship may be observed. If two sets S, and S, happen to contain identical elements,

S, ={2.7. 4.1 and S, ={2.a.7. 1)

then S, and S, are said to be equal (S, = §,). Note that the order of appearance
of the elements in/a set is immaterial. Whenever even one element is different,
however,(two-sets are not equal.

Another kind of relationship is that one set may be a subser of another set. If
we have two-sets

S={1,3.57,9 and T={3.7)

then 7"is a subset of S. because every element of T is also an element of S. A
moreformal statement of this is: T is a subset of S if and only if “x € T implies
“x € 8.7 Using the set inclusion symbols C (is contained in) and O (includes),
we may then write

Trcs or SOT
It is possible that two given sets happen to be subsets of each other. When this

oceurs. however, we can be sure that these two sets are equal. To state this
formallv: we can have S, € §, and S, C S, if and only if S, = S,.
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Note that, whereas the € symbol relates an individual element to a set. the C
symbol relates a subset to a ser. As an application of this idea. we may state’on the
basis of Fig. 2.1 that the set of all integers is a subset of the set of all rational
numbers. Similarly, the set of all rational numbers is a subset of the setof all real
numbers.

How many subsets can be formed from the five elements in(the set S =
{(1,3,5,7,9)? First of all, each individual element of S can count as—a distinct
subset of §, such as (1}, (3}, etc. But so can any pair, triple, or quadruple of these
elements, such as {1,3}. {1,5},....{(3.7.9). etc. For that matter, thé set S itself
(with all 1ts five elements) can be considered as one of its own-subsets—every
element of S is an element of S, and thus the set S itself fulfills the definition of a
subset. This is, of course, a limiting case. that from which w¢/get the “largest”
possible subset of S, namely, S itself.

At the other extreme, the “smallest” possible subset of S is a set that contains
no element at all. Such a set is called the nuil set, or_empty set, denoted by the
symbol & or { }. The reason for considering the null\set as a subset of S is quite
interesting: If the null set is not a subset of § (@ ¢/ §), then & must contain at
least one element x such that x ¢ S. But since by definition the null set has no
element whatsoever, we cannot say that @ ¢, S:hence the null set is a subset of
S.

Counting all the subsets of S, including the two limiting cases S and @ . we
find a total of 2° = 32 subsets. In general, if a set has n elements, a total of 2"
subsets can be formed from those elements. *

It is extremely important t¢/distinguish the symbol @ or { } clearly from the
notation {0}; the former is devoid of elements, but the latter does contain an
element, zero. The null set is unique; there is only one such set in the whole
world, and it is considered a subset of any set that can be conceived.

As a third possible type of relationship. two sets may have no elements in
common at all. In thatcase. the two sets are said to be disjoint. For example, the
set of all positive integers and the set of all negative integers are disjoint sets. A
fourth type of relationship occurs when two sets have some elements in common
but some elements peculiar to each. In that event, the two sets are neither equal
nor disjoint; also, neither set is a subset of the other.

Operations on Sets

When we add, subtract, multiply, divide, or take the square root of some
numbers, we are performing mathematical operations. Sets are different from

* Given a set with n clements {a. b, ..., n) we may first classify its subsets into two categories:
onc with_the clement « in it. and one without. Each of these two can be further classified into two
subCategories: one with the clement 4 in it, and one without. Note that by considering the second
clement h. we double the number of categories in the classification from 2 to 4 (= 22). By the same
token, the consideration of the element ¢ will increase the total number of categories to § (= 27),
When all » elements are considered. the total number of categories will become the total number of
subsets, and that number is 27
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numbers, but one can similarly perform certain mathematical operations on them.
Three principal operations to be discussed here involve the union, intersection,
and complement of sets.

To take the union of two sets 4 and B means to form a new set containing
those elements (and only those elements) belonging to 4, or to-B, erto both 4
and B. The union set is symbolized by 4 U B (read: “A union(B”).

Example I 1f A = (3,5,7) and B = {2,3,4,8), then
AUB=1{2,3,4,57.28}

This example illustrates the case in which two sets A/and B are neither equal nor
disjoint and in which neither is a subset of the other.

Example 2 Again referring to Fig. 2.1, we seg that the union of the set of all
integers and the set of all fractions is the set of all-rational numbers. Similarly, the
union of the rational-number set and the irrational-number set yields the set of all
real numbers.

The intersection of two sets A/and B, on the other hand, is a new set which
contains those elements (and only those-elements) belonging to both A and B. The
intersection set is symbolized by.4. "B (read: “A4 intersection B ™).

Example 3 From the sets 4 and B-in Example 1, we can write
ANB={3

Example 4 1f A = {<3,6,10) and B = (9,2,7,4), then A " B = &. Set A and
set B are disjoint; therefore their intersection is the empty set—no element is
common to 4 and-B.

It is obvious that intersection is a more restrictive concept than union. In the
former, only-the elements common to A and B are acceptable, whereas in
the latter, membership in either A or B is sufficient to establish membership in the
union set~The operator symbols N and U -—which, incidentally, have the same
kind\ 6f-general status as the symbols v . +. +. etc.—therefore have the
connotations “and” and “or,” respectively. This point can be better appreciated
by comparing the following formal definitions of intersection and union:

Intersection: ANB={x|x€dandx € B)

Union: AUB={x|x€ Aorx € B}

Before explaining the complement of a set, let us first introduce the concept of
universal set. In a particular context of discussion, if the only numbers used are
the set of the first seven positive integers, we may refer to it as the universal set,
U. Then, with a given set, say, 4 = {3.6,7). we can define another set 4 (read:
“the complement of 4”) as the set that contains all the numbers in the universal
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set U which are not in the set 4. That is.
A={(x|x€Uandx & A)={1.2.4.5)

Note that. whereas the symbol U has the connotation “or” and the symbol N
means “and.” the complement symbol ~ carries the implication of *not.”

Example 5 1f U ={5,6.7.8,9) and A = (5.6). then A = {7. 8, 9%

Example 6 What is the complement of U? Since every object{number) under
consideration is included in the universal set, the complement of U must be
empty. Thus U = .

The three types of set operation can be visualized in the three diagrams of
Fig. 2.2. known as Venn diagrams. In diagram’ a, the points in the upper circle
form a set A. and the points in the lower circle fornia set B. The union of A4 and
B then consists of the shaded area covering both circles. In diagram b are shown
the same two sets (circles). Since their intersection should comprise only the
points common to both sets. only the/(shaded) overlapping portion of the two
circles satisfies the definition. In/diagrary c. let the points in the rectangle be the
universal set and let A be the set of‘points in the circle: then the complement set
A will be the (shaded) area outside-the circle.

Laws of Set Operations

From Fig. 2.2, it may be noted that the shaded area in diagram « represents not
only A U B but also B.U 4., Analogously, in diagram b the small shaded area is
the visual representation’not only of 4 N B but also of B N A. When formalized.

Union Intersection Complement
~

AUB ANB A

@

(@) (b)

Figure 2.2
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this result is known as the commutative law (of unions and intersections):

AUB=BUA ANB=BNA
These relations are very similar to the algebraic lawsa + b = b ¥ gand a’X b =
b X a.

To take the union of three sets 4, B, and C, we first take the union of any two
sets and then “union” the resulting set with the third; a similar procedure is
applicable to the intersection operation. The results of; such operations are
illustrated in Fig. 2.3. It is interesting that the order in which ‘the sets are selected
for the operation is immaterial. This fact gives rise to-the associative law (of
unions and intersections):

AU(BUC)=(AUB)UC
AN(BNnC)=(AnNnB)NC
These equations are strongly reminiscent of (the algebraic laws a + (b + ¢) = (a
+b)+canda X (b X c¢)=(aXb)Xec.
There is also a law of operation that applies when unions and intersections
are used in combination. This is the distributive law (of unions and intersections):
AU(BNC)=(AUB)N(4UC)
AN(BUC)=(ANBHU(A4NC)
These resemble the algebraiclaw.a X (b + ¢) = (a X b) + (a X ¢).

Example 7 Verify the distributive law, given 4 = (4,5}, B ={3,6,7), and C =
(2,3}, To verify the first part of the law, we find the left- and right-hand
expressions separately:

Left: A U(BNC)={45 U3 =345
Right; (AUB)N(AUC)={3,4567TN{23,4.5 = (3,4,5
AHB-U)C AN BNnC

1

(a)

Figure 2.3
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Since the two sides yield the same result, the law is verified. Repeating the
procedure for the second part of the law, we have

Left: AN(BUC)={45Nn{2.3.67)=2
Right: (ANBYU(ANC)=BUDB =0

Thus the law is again verified.

EXERCISE 2.3

1 Write the following in set notation:
(a) The set of all real numbers greater than 27.
(b) The set of all real numbers greater than 8 but less-than 73.

2 Given the sets S, = (2,4,6), S, = (7,2,6}, S, = {4,2,6), and S, = (2,4}, which of the
following statements are true?

(a) §, =5, (dy3 &8 (g S, DS,

(b) S, =R (e) 4 &5, (hy 2 8,

(¢) 5€5, (f) S, R () Sy 2Ly

3 Referring to the four sets given in the preceding problem, find:
(¢) S US, () $5,N S, ey S;p0 8, NS,
(b)y S, U S, (d) S, NS, CF)S;us, U S,

4 Which of the following statements are valid?

(a) AUA=A (e) AN g =8

(Y ANA=A4 (HrA U=

(¢) AUD = A {g) The complement of 4 is A.
(dyAvU=U

5 Given A = {4,5.6), B ={3,4,6,7), and C = {2.3.6), verify the distributive law.

6 Verify the distributive law by means of Venn diagrams, with different orders of
successive shading.

7 Enumerate all the subsets of the set {a. b. ¢).

8 Fnumerate all the subsets of the set S = (1,3,5.7). How many subsets arc there
altogether?

9 Exariple-6 showsthat @ is the complement of U. But since the null set is a subset of
any set, @ must-be a subset of U. Inasmuch as the term “complement of U” implies the
notionof being nor in U, whereas the term “*subset of U™ implies the notion of being in U.
it seems paradoxical for @ to be both of these. How do you resolve this paradox?

2.4 “RELATIONS AND FUNCTIONS

Our discussion of sets was prompted by the usage of that term in connection with
the various kinds of numbers in our number system. However. sets can refer as
well to objects other than numbers. In particular, we can speak of sets of



18 INTRODUCTION

“ordered pairs”—to be defined presently—which will lead us to the important
concepts of relations and functions.

Ordered Pairs

In writing a set {a, b}, we do not care about the order in which the elements ¢ and
b appear, because by definition {a, b} = {b, a}. The pair of elements ¢ and b is in
this case an unordered pair. When the ordering of/ (@ and b does carry a
significance, however, we can write two different ordered pairs denoted by (a, b)
and (b, a), which have the property that (a, b) # (b, a) unless a = b. Similar
concepts apply to a set with more than two elements, in which case we can
distinguish between ordered and unordered triples, quadruples, quintuples, and so
forth. Ordered pairs, triples, etc., collectively can be called ordered sets.

Example 1 To show the age and weight of each’ student in a class, we can form
ordered pairs (a, w), in which the first element indicates the age (in years) and the
second element indicates the weight (in_pounds). Then (19,127) and (127,19)
would obviously mean different things. Moreover, the latter ordered pair would
hardly fit any student anywhere.

Example 2 When we speak of the set of the five finalists in a contest, the order in
which they are listed is of no consequence and we have an unordered quintuple.
But after they are judged, respectively, as the winner, first runner-up, etc., the list
becomes an ordered quintuple,

Ordered pairs; like other  objects, can be elements of a set. Consider the
rectangular (cartesian) coordinate plane in Fig. 2.4, where an x axis and a y axis
cross each other at\a right angle, dividing the plane into four quadrants. This xy
plane is an infinite-set of points, each of which represents an ordered pair whose
first element-is\an x value and the second element a y value. Clearly, the point
labeled (4,2).is different from the point (2. 4); thus ordering is significant here.

With. this-visual understanding, we are ready to consider the process of
generation of ordered pairs. Suppose, from two given sets, x = {1,2}and y = (3,4},
we wish to form all the possible ordered pairs with the first element taken from
set x and the second element taken from set y. The result will, of course, be the set
of four ordered pairs (1, 3), (1,4), (2,3), and (2,4). This set is called the cartesian
product (named after Descartes), or direct product, of the sets x and y and is
denoted by x X y (read: “x cross y”). It is important to remember that, while x
and y are sets of numbers, the cartesian product turns out to be a set of ordered
pairs. By enumeration, or by description, we may express the cartesian product
alternatively as

x Xy ={(1,3),(1.4),(2,3),(2,4))
or xXy={(a,b)|ac xandbEy)
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The latter expression may in fact be taken as the general definition of cartesian
product for any given sets x and y.

To broaden our horizon, now let both x and y include all the real numbers.
Then the resulting cartesian product

(2.3) xXy={(a,b)|ac Rand b € R)

will represent the set of all ordered pairs with real-valued elements:. Besides, each
ordered pair corresponds to a unique point in the cartesian ¢oordinate plane of
Fig. 2.4, and, conversely, each point in the coordinate plane also corresponds to a
unique ordered pair in the set x X y. In view of this double uniqueness, a
one-to-one correspondence is said to exist between the set of ordered pairs in the
cartesian product (2.3) and the set of points in the rectangular coordinate plane.
The rationale for the notation x X y is now easy to-perceive; we may associate it
with the crossing of the x axis and the y axis in Fig, 2.4. A simpler way of
expressing the set x X y in (2.3) is to write it _directly as R X R; this is also
commonly denoted by R>.

Extending this idea, we may also define, the cartesian product of three sets x,
v, and z as follows:

xxyxXz={(a,b,c)|ac xlbeyyiec:)

which is a set of ordered triples. Furthermore, if the sets x, y, and z each consist
of all the real numbers, the cartesian product will correspond to the set of all
points in a three-dimensional space._This may be denoted by R X R X R, or

e

(Quadrant I1) (Quadrant {)

(2, 4) 4,4)
[ ] [ ]

L] — 4
[ ] -3 [ ] [ ]
(2,2) (4, 2)
® —2 [ [
® —1 [ ] [ ]
! o | i ® | [ J x
-3, =2 -1 O 1 2 3 4
[ - —1 [
(Quadrant i11) (Quadrant IV}

Figure 2.4
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more simply, R*. In the following development, all the variables are taken to be
real-valued; thus the framework of our discussion will generally be R, or R>,. ..,
or R".

Relations and Functions

Since any ordered pair associates a y value with an x value, any collection of
ordered pairs—any subset of the cartesian product (2.3)-~will constitute a
relation between y and x. Given an x value, one or more'yvalugs will be specified
by that relation. For convenience, we shall now write the elements of x X p
generally as (x, y)—rather than as (a, b), as was done in’ (2.3)—where both x
and y are variables.

Example 3 The set {(x, y)|y = 2x} is a set_of ordered pairs including, for
example, (1,2), (0,0), and (—1, —2). It constitutes a relation, and its graphical
counterpart is the set of points lying on the straight line y = 2x, as seen in Fig.
2.5.

Example 4 The set {(x, y) |y < x}.~which consists of such ordered pairs as
(1,0), (1,1), and (1, —4), constitutes another relation. In Fig. 2.5, this set
corresponds to the set of all points.in the shaded area which satisfy the inequality
y =X

Figure 2.5
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Figure 2.6

Observe that, when the x value is given{it may not always be possible to
determine a unique y value from a relation. In Example 4, the three exemplary
ordered pairs show that if x = 1, y can take various values, such as 0, 1, or —4.
and yet in each case satisfy the stated relation. Graphically, two or more points of
a relation may fall on a single vertical (ine in the x) plane. This is exemplified in
Fig. 2.5, where many points in the shaded area (representing the relation y < x)
fall on the broken vertical line labeled x = a.

As a special case, however, a relation may be such that for each x value there
exists only one corresponding y value. The relation in Example 3 is a case in
point. In that case, y is said to'be a funcrion of x, and this is denoted by y = f(x),
which is read: “y equals f of x.” [ Note: f(x) does not mean f times x.] A function is
therefore a set of ordered pairs with the property that any x value uniquely
determines a y value.* It should be clear that a function must be a relation, but a
relation may not be a funetion.

Although the(definition of a function stipulates a unique y for each x. the
converse is not required. In other words, more than one x value may legitimately
be associated with the same y value. This possibility is illustrated in Fig. 2.6,
where the values-x, and x, in the x set are both associated with the same value
(¥o) in they set by the function y = f(x).

A function is also called a mapping. or transformation; both words connote
the action of ‘associating one thing with another. In the statement y = f(x). the
functional notation f may thus be interpreted to mean a rule by which the set x is
“mapped’) (“transformed”) into the set y. Thus we may write

fix—=y

* This definition of **function” corresponds to what would be called a single-valued function in the
older terminology. What was formerly called a multivalued function is now referred to as a relation.
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Figure 2.7

where the arrow indicates mapping, and the letter f/ symbolically specifies a rule of
mapping. Since f represents a parti¢ular rule of mapping, a different functional
notation must be employed to denote-another function that may appear in the
same model. The customary symbols (besides ) used for this purpose are g, F., G,
the Greek letters ¢ (phi) and y (psi),“and their capitals, ® and ¥. For instance,
two variables y and z may both-be functions of x, but if one function is written as
¥ = f(x), the other should (be written as z = g(x), or z = ¢(x). It is also
permissible. however, to write y = y(x) and z = z(x), thereby dispensing with the
symbols f and g entirely,

In the function y = f(x), x is referred to as the argument of the function, and
y is called the value of the function. We shall also alternatively refer to x as the
mdependent variable and y as the dependent variable. The set of all permissible
values that x can take-in a given context is known as the domain of the function,
which may be a subset of the set of all real numbers. The y value into which an x
value is mapped s called the image of that x value. The set of all images is called
the range of the function, which is the set of all values that the y variable will
take. Thus the domain pertains to the independent variable x, and the range has
to do with the dependent variable y.

As illustrated in Fig. 2.7a, we may regard the function f as a rule for mapping
each point_on some line segment (the domain) into some point on another line
segment (the range). By placing the domain on the x axis and the range on the y
axis, asvin diagram b, however, we immediately obtain the familiar two-dimen-
stonab graph, in which the association between x values and y values is specified
by a’'set of ordered pairs such as (x|, y,) and (x5, »,).

In economic models, behavioral equations usually enter as functions. Since
most variables in economic models are by their nature restricted to being
nonnegative real numbers,* their domains are also so restricted. This is why most

* We say " nonnegative” rather than ** positive” when zero values are permissible.
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geometric representations in economics are drawn only in the first quadrant. In
general, we shall not bother to specify the domain of every function inevery
economic model. When no specification is given, it is to be understood-that the
domain (and the range) will only include numbers for which a funétion makes
€conomic sense.

Example 5 The total cost C of a firm per day is a function of its daily-output Q:
C = 150 + 7Q. The firm has a capacity limit of 100 units of output per day. What
are the domain and the range of the cost function? Inasmuch as @¢can vary only
between 0 and 100, the domain is the set of values 0 < Q< 100; or more
formally,

Domain = {Q | 0 < Q < 100}

As for the range, since the function plots as a straight line; with the minimum C
value at 150 (when Q = 0) and the maximum C value at 850 (when Q = 100), we
have

Range = {C | 150 < C < 850}

Beware, however, that the extreme valtes of the range may not always occur
where the extreme values of the domain aré attained.

EXERCISE 24

1 Given S, = (3,6,9), S, = {a,%), and| $; = {m, n), find the cartesian products:
(a) S, X S, (b) S, X S, (c) S xS,

2 From the information in the precéding problem, find the cartesian product §; X S, X S;.

3 In general, is it true that §; X S, = S, X §? Under what conditions will these two
cartesian products be equal?
4 Does each of the following, drawn in a rectangular coordinate plane, represent a
function?

(a) A circle (h) A triangle (¢) A rectangle

5 If the domain of the functiony = 5 + 3xis the set {x | | < x < 4}, find the range of the
function and express it as a set.

6 For the\function y = —x?, if the domain is the set of all nonnegative real numbers,
what will its\range be?

2.5 'TYPES OF FUNCTION

The expression y = f(x) is a general statement to the effect that a mapping is
possible, but the actual rule of mapping is not thereby made explicit. Now let us
consider several specific types of function, each representing a different rule of

mapping.
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Constant Functions

A function whose range consists of only one element is called a constant function.
As an example, we cite the function

y=f(x)=17

which is alternatively expressible as y = 7 or f(x) = 7, whose value stays the
same regardless of the value of x. In the coordinate plang, such-a function will
appear as a horizontal straight line. In national-income models, when investment
(1) 1s exogenously determined, we may have an investment function of the form
I = $100 million, or I = I, which exemplifies the constant function.

Polynomial Functions

The constant function is actually a “degenerate” case of what are known as
polynomial functions. The word ““polynomial” means “multiterm,” and a poly-
nomial function of a single variable x has'the general form

(24) y=a,+ax+ax’+-- +ax"

in which each term contains a coefficient as well as a nonnegative-integer power
of the variable x. (As will be explained-later in this section, we can write x! = x
and x® = 1 in general; thus the first two terms may be taken to be a,x° and a,x',
respectively.) Note that, instead of the symbols a, b, c,..., we have employed the
subscripted symbols a, a,....,a, for the coefficients. This is motivated by two
considerations: (1) we can economize on symbols, since only the letter a is “used
up” in this way; and (2) jthe subscript helps to pinpoint the location of a
particular coefficient-in ‘the entire equation. For instance, in (2.4), a, is the
coefficient of x2, and so forth.

Depending on the value of the integer n (which specifies the highest power of
x ), we have several subclasses of polynomial function:

Casgcof n=0: Yy =a, [constant function]
Caseofn = 1: y=ay,+ax [/inear function]
Caseof n = 2: y=a,+ ax + a,x? [guadratic function]
Caseof n = 3 y=ay,+ax+ a,x*+ a,x*  [cubic function]

and so’forth. The superscript indicators of the powers of x are called exponents.
The highest power involved, i.e., the value of n, is often called the degree of the
polynomial function; a quadratic function, for instance, is a second-degree
polynomial, and a cubic function is a third-degree polynomial.* The order in
which the several terms appear to the right of the equals sign is inconsequential;

* In the several equations just cited, the last coefficient (a,) is always assumed to be nonzero:
otherwise the function would degenerate into a lower-degree polynomial.
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they may be arranged in descending order of power instead. Also, even though we
have put the symbol y on the left, it is also acceptable to write f(x) in its /place.

When plotted in the coordinate plane, a linear function will appear as’a
straight line, as illustrated in Fig. 2.84. When x = 0, the linear function yields
¥ = ay; thus the ordered pair (0, a,) is on the line. This gives us the so-called “y
intercept” (or vertical intercept), because it is at this point that|the vertical axis
intersects the line. The other coefficient, a,, measures the slope (the steepness of
incline) of our line. This means that a unit increase in x will result in)an increment
in y in the amount of a,. What Fig. 2.8a illustrates is the case of a; %> 0, involving
a positive slope and thus an upward-sloping line; if @, < 0, the line will be
downward-sloping.

A quadratic function, on the other hand, plots as a parabola—roughly, a
curve with a single built-in bump or wiggle. The particular illustration in Fig. 2.85
implies a negative a,; in the case of ¢, > 0, the carve will “open” the other way,
displaying a valley rather than a hill. The graph of /a cubic function will, in
general, manifest two wiggles, as illustrated/in Fig, 2.8¢. These functions will be
used quite frequently in the economic models-discussed below.

Rational Functions
A function such as

x—1

)_x2+2x+4

in which y is expressed as a ratio.of two polynomials in the variable x, is known
as a rational function (again, meaning ratio-nal). According to this definition, any
polynomial function must-itself be a rational function, because it can always be
expressed as a ratio-to1y which is a constant function.

A special rational function that has interesting applications in economics is
the function

a
y=7

or Xy =a
which plots-as)a rectangular hyperbola, as in Fig. 2.84. Since the product of the
two.variables is always a fixed constant in this case, this function may be used to
represent that special demand curve—with price P and quantity Q on the two
axes— for which the total expenditure PQ is constant at all levels of price. (Such a
demand curve is the one with a unitary elasticity at each point on the curve.)
Another application is to the average fixed cost (AFC) curve. With AFC on one
axis.and output Q on the other, the AFC curve must be rectangular-hyperbolic
because AFC X Q( = total fixed cost) is a fixed constant.

The rectangular hyperbola drawn from xy = a never meets the axes, even if
extended indefinitely upward and to the right. Rather, the curve approaches the
axes asymptotically: as y becomes very large, the curve will come ever closer to the
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y axis but never actually reach it, and similarly for the x axis. The axes constitute
the asymptotes of this function.

Nonalgebraic Functions

Any function expressed in terms of polynomials and/or roots/ (such as square
root) of polynomials is an algebraic function. Accordingly, the functions discussed
thus far are all algebraic. A function such as y = Vx? + 3 is[not rational, yet it is
algebraic.

However, exponential functions such as y = b*, in which the independent
variable appears in the exponent, are nonalgebraic. The /closely related logarithmic
functions, such as y = log, x, are also nonalgebraic. These two types of function
will be explained in detail in Chap. 10. but their general graphic shapes are
indicated in Fig. 2.8¢ and f. Other types of /nonalgebraic function are the
trigonometric (or circular) functions, which we shall discuss in Chap. 15 in
connection with dynamic analysis. We should add here that nonalgebraic func-
tions are also known by the more esoteric name of transcendental functions.

A Digression on Exponents

In discussing polynomial functions, we introduced the term exponents as indica-
tors of the power to which a variable (or number) is to be raised. The expression
62 means that 6 is to be raised to the second power; that is, 6 is to be multiplied
by itself, or 62 = 6 X 6 = 36. In general. we define

x"=xXx X XX

- D
n terms

and as a special case, we note that x' = x. From the general definition, it follows
that exponents obey the following rules:

Rule I  x” xxT=x"%"  (for example, x* X x* = x7)

PRrROOF x’"><x"=(x><x><-~-><x)(x><x><---><x)

—

m terms nterms

mitn

=xXxX--- XXx=Xx
%F—_/

m + nterms

™M / /\'4
Rule 11 T =x""" (x+0) (for example, — = x

X X"

m terms

x™M XX x X XX -
ProOOF — = =xXxXxX- o Xx=x""

X XX x X+ XXx S —

e o e m — nterms

A terms
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because the n terms in the denominator cancel out n of the m terms in the
numerator. Note that the case of x = 0 is ruled out in the statement/of this rule.
This is because when x = 0, the expression x” /x" would involve division byzero,
which is undefined.

What if m < n: say, m = 2 and n = 57 In that case we get, according to Rule
I, x™ "= x>, a negative power of x. What does this méan? The answer is
actually supplied by Rule II itself: When m = 2 and n = 5, we have

x? x X x 1 1

S

X XX xXxXxXx x X x X x x3

Thus x* = 1/x?, and this may be generalized int¢/another rule:

1
Rule 111 x "= o (x #0)

h

To raise a (nonzero) number to a power Of minus n is to take the reciprocal of its
nth power.

Another special case in the application, of Rule II is when m = », which
ylé{ds the expression x™ " = xM M = xV. To interpret the meanin.g of raising a
number x to the zeroth power. we can write out the term x™ ™ in accordance
with Rule I1 above, with the result that x™/x™ = 1. Thus we may conclude that
any (nonzero) number raised to the zeroth power is equal to 1. (The expression 0°
is undefined.) This may be-expressed as another rule:

Rule IV xY=1 (x += O

As long as we‘are concerned only with polynomial functions, only (nonnega-
tive) integer powers are réquired. In exponential functions, however, the exponent
is a variable that can’take noninteger values as well. In order to interpret a
number such as x"?, let us consider the fact that, by Rule I above, we have

iy 3
X REYEs X = x

Since x'<* multiplied by itself is x. x'/? must be the square root of x. Similarly,

x ' can be shown to be the cube root of x. In general, therefore, we can state the
following rule:

Rule V x!/n = ’;/xi
Two other rules obeyed by exponents are:
Rule V] (Xm )11 — an

Rule VII xTX p™ = (xp)™
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EXERCISE 2.5

1 Graph the functions
(a) y =8+ 3x (by y=8—3x (¢) y=3x+ 12
(In each case, consider the domain as consisting of nonnegative real numbers only.)

2 What is the major difference between (a) and (b) above? How is this difference reflected
in the graphs? What is the major difference between (a) and (¢)? How-do’ their graphs
reflect it?

3 Graph the functions

(a) y=—x"+5x—-2 (B y=x"+5x-2
with the set of values —5 < x < 5 as the domain. It-is well’known that the sign of the
coefficient of the x? term determines whether the graph of a quadratic function will have a
“hill” or a “valley.” On the basis of the present problem, which sign is associated with the
hill? Supply an intuitive explanation for this.

4 Graph the function y = 36/x, assuming that-x-and ycan take positive values only.
Next, suppose that both variables can take negative values as well; how must the graph be
modified to reflect this change in assumption?

5 Condense the following expressions:
(a) x4 x xb (h) x4 x x" x( £ (¢) x* ><y3 X z°

6 Find: (a) x'/x* (b) (X" x5/
7 Show that x”/" = ;I/F = (V;)m. Specify the rules applied in each step.
8 Prove Rule VI and Rule VIL

2.6 FUNCTIONS OF TWO OR MORE INDEPENDENT
VARIABLES

Thus far, we have-considered only functions of a single independent variable,
y = f(x). Butthe concept of a function can be readily extended to the case of two
or more independent variables. Given a function

2=g(x,y)

a given'pair of x and y values will uniquely determine a value of the dependent
variable z. Such a function is exemplified by

2’=ax + by or z=ay+ax+ax’+by+by?

Just as the function y = f(x) maps a point in the domain into a point in the
range, the function g will do precisely the same. However, the domain is in this
case no longer a set of numbers but a set of ordered pairs (x, y), because we can
determine z only when both x and y are specified. The function g is thus a
mapping from a point in a two-dimensional space into a point on a line segment
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(i.e., a point in a one-dimensional space), such as from the point (x,, y,) into the
point z, or from (x,, y,) into z, in Fig. 2.9a.

If a vertical z axis 1s erected perpendicular to the xy plane, (as is done in
diagram b, however, there will result a three-dimensional spac¢e in-which the
function g can be given a graphical representation as follows. The domain of
the function will be some subset of the points in the xy plane,and the value of the
function (value of z) for a given point in the domain—say, (x), y,)—can be
indicated by the height of a vertical line planted on that point.The association
between the three variables is thus summarized by the ordered triple (x,, y,, z,),
which is a specific point in the three-dimensional space. The locus of such ordered
triples, which will take the form of a surface, then constitutes the graph of the
function g. Whereas the function v = f(x) 1sa setlof ordered pairs, the function

.\32*——‘**’}"“ (x5, ¥2) Z2

0 X3 X2
(a)
z
(xb Vi Zl)
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z = g(x, y) will be a set of ordered triples. We shall have many occasions to use
functions of this type in economic models. One ready application is in the area of
production functions. Suppose that output is determined by the amounts of
capital (K ) and labor (L) employed; then we can write a production function in
the general form Q = Q(K, L).

The possibility of further extension to the cases of three or mote independent
variables is now self-evident. With the function y = h(u, v, w), for example, we
can map a point in the three-dimensional space, (u,, v,, w,){/into~a point in a
one-dimensional space (y,). Such a function might be used\to indicate that a
consumer’s utility is a function of his consumption of three different commodities,
and the mapping is from a three-dimensional commodity space into a one-dimen-
sional utility space. But this time it will be physically impossible to graph the
function, because for that task a four-dimensional diagram-is needed to picture
the ordered quadruples, but the world in which we live is only three-dimensional.
Nonetheless, in view of the intuitive appeal of geometric analogy, we can continue
to refer to an ordered quadruple (u,, v,, w,, y{)-as.a—"point” in the four-dimen-
sional space. The locus of such points will give the (nongraphable) graph of the
function y = h(u, v, w), which is called a’ hypersurface. These terms, viz., point
and hypersurface. are also carried over to the general case of the n-dimensional
space.

Functions of more than one variable can be classified into various types, too.
For instance, a function of the form

Yy =ax, + a,xX, +ooee Tt a,x,

is a linear function, whose characteristic is that every variable is raised to the first
power only. A quadratic function. on the other hand, involves first and second
powers of one or more independent variables. but the sum of exponents of the
variables appearing in any single term must not exceed two.

Note that instead of denoting the independent variables by x, u, v, w, etc., we
have switched to the symbols x,, x,,..., x,. The latter notation, like the system
of subscripted coefficients, has the merit of economy of alphabet, as well as of an
easier accounting of the number of variables involved in a function.

2.7 LEVELS OF GENERALITY

In discussing the various types of function, we have without explicit notice
introduced examples of functions that pertain to varying levels of generality. In
certain‘nstances, we have written functions in the form

y/=1 y=6x+4 y=xz~3x+1 (etc.)

Not-only are these expressed in terms of numerical coefficients, but they also
indicate specifically whether each function is constant, linear, or quadratic. In
terms of graphs, each such function will give rise to a well-defined unique curve.
In view of the numerical nature of these functions, the solutions of the model
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based on them will emerge as numerical values also. The drawback is that, if we
wish to know how our analytical conclusion will change when a different set of
numerical coefficients comes into effect, we must go through the reasoning process
afresh each time. Thus, the results obtained from specific functionshave very little
generality.

On a more general level of discussion and analysis, there/are functions in the
form

y=a y=a+bx y=a+bx+cx* (etd.)

Since parameters are used, each function represents not a single curve but a whole
family of curves. The function y = a, for instance,’encompasses not only the
specific cases y = 0, y = 1, and y = 2 but also.y =4,y = —35,..., ad infinitum.
With parametric functions, the outcome of mathematical operations will also be
in terms of parameters. These results are more general in the sense that, by
assigning various values to the parameters appearing in the solution of the model,
a whole family of specific answers may be obtained without having to repeat the
reasoning process anew.

In order to attain an even highet: level of generality, we may resort to the
general function statement y = f(x), or-z;= g(x, y). When expressed in this
form, the function is not restricted to being either linear, quadratic, exponential,
or trigonometric—all of which are subsumed under the notation. The analytical
result based on such a general formulation will therefore have the most general
applicability. As will be found below, however, in order to obtain economically
meaningful results, it 1s often necessary to impose certain qualitative restrictions
on the general functions'built into a model, such as the restriction that a demand
function have a negatively sloped graph or that a consumption function have a
graph with a positive slope of less than 1.

To sum up the present chapter, the structure of a mathematical economic
model is now clear. In general, it will consist of a system of equations, which may
be definitional, behavioral, or in the nature of equilibrium conditions.* The
behavioral equations are usually in the form of functions, which may be linear or
nonlinear; numerical or parametric, and with one independent variable or many.
It is through these that the analytical assumptions adopted in the model are given
mathematical expression.

In attacking an analytical problem, therefore, the first step is to select the
appropriate variables—exogenous as well as endogenous—for inclusion in the
model. Next, we must translate into equations the set of chosen analytical
assumptions regarding the human, institutional, technological, legal, and other
behavioral aspects of the environment affecting the working of the variables. Only
then can an attempt be made to derive a set of conclusions through relevant
mathematical operations and manipulations and to give them appropriate eco-
nomic interpretations.

* Inequalities may also enter as an important ingredient of a model, but we shall not worry about
them for the time being.
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CHAPTER

THREE
EQUILIBRIUM ANALYSIS IN ECONOMICS

The analytical procedure outlined-in/the preceding chapter will first be applied to
what is known as static dnalysis. or equilibrium analysis. For this purpose. it is
imperative first to have a clear understanding of what “equilibrium™ means.

3.1 THE MEANING OF EQUILIBRIUM

Like any economic term, equilibrium can be defined in various ways. According to
one definition.-an equilibrium is “a constellation of selected interrelated variables
so adjusted to one another that no inherent tendency to change prevails in the
model which they constitute.”* Several words in this definition deserve special
attention: First, the word “selected” underscores the fact that there do exist
variables which, by the analyst’s choice, have not been included in the model.
Hence the equilibrium under discussion can have relevance only in the context of
the particular set of variables chosen, and if the model is enlarged to include
additional variables, the equilibrium state pertaining to the smaller model will no
longer apply.

Second, the word “interrelated” suggests that, in order for equilibrium to
obtain. all variables in the model must simultaneously be in a state of rest.
Moreover, the state of rest of each variable must be compatible with that of every

* Fritz Machlup, *‘Equilibrium and Disequilibrium: Misplaced Concreteness and Disguised
Politics,” Economic Journal, March 1958, p. 9. (Reprinted in F. Machlup, Essays on Economic
Semantics, Prentice-Hall, Inc., Englewood Cliffs. N.J.. 1963.)

35
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other variable; otherwise some variable(s) will be changing, thereby also causing
the others to change in a chain reaction, and no equilibrium can be said-to exist.

Third, the word “inherent” implies that, in defining an equilibrium, the state
of rest involved is based only on the balancing of the internal forces of the model,
while the external factors are assumed fixed. Operationally, this means that
parameters and exogenous variables are treated as constants/ When the external
factors do actually change, there may result a new equilibrium defined on the
basis of the new parameter values, but in defining the new equilibrium, the new
parameter values are again assumed to persist and stay unchanged.

In essence, an equilibrium for a specified model is a situation that is
characterized by a lack of tendency to change. It is for ‘this reason that the
analysis of equilibrium (more specifically, the study of what the equilibrium state
is like) is referred to as statics. The fact that an equilibrium implies no tendency
to change may tempt one to conclude that an equilibritm necessarily constitutes a
desirable or ideal state of affairs, on the ground that/ only in the ideal state would
there be a lack of motivation for change. Such a conclusion is unwarranted. Even
though a certain equilibrium position may represent a desirable state and some-
thing to be striven for—such as a profit-maximizing situation, from the firm’s
point of view—another equilibrium position may be quite undesirable and
therefore something to be avoided,/such as an underemployment equilibrium level
of national income. The only warranted interpretation is that an equilibrium is a
situation which, if attained. would tend to perpetuate itself, barring any changes
in the external forces.

The desirable variety of-equilibrium, which we shall refer to as goal equi-
librium, will be treated fater in Parts 4 and 6 as optimization problems. In the
present chapter, the discussion'will be confined to the nongoal type of equilibrium,
resulting not from any _conscious aiming at a particular objective but from an
impersonal or suprapersonal process of interaction and adjustment of economic
forces. Examples-of this are the equilibrium attained by a market under given
demand and supply conditions and the equilibrium of national income under
given conditions of \consumption and investment patterns.

3.2 PARTIAL MARKET EQUILIBRIUM—A LINEAR MODEL

In a'static-equilibrium model, the standard problem is that of finding the set of
values of the endogenous variables which will satisfy the equilibrium condition of
the model. This is because once we have identified those values, we have in effect
identified the equilibrium state. Let us illustrate with a so-called “partial-equi-
librium market model,” i.e., a model of price determination in an isolated market.

Constructing the Model

Since only one commodity is being considered, it is necessary to include only
three variables in the model: the quantity demanded of the commodity (Q,), the
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quantity supplied of the commodity (Q,). and its price (P). The quantity is
measured, say, in pounds per week, and the price in dollars. Having chosen the
variables, our next order of business is to make certain assumptions regarding the
working of the market. First, we must specify an equilibrium condition—some-
thing indispensable in an equilibrium model. The standard assumption is that
equilibrium obtains in the market if and only if the excess /demand is zero
(Q, — Q, = 0), that is, if and only if the market is cleared. But this immediately
raises the question of how Q, and Q| themselves are determined. To answer this,
we assume that Q, is a decreasing linear function of P (as P increases, Q,
decreases). On the other hand, Q, is postulated to be an increasing linear function
of P (as P increases, so does Q,), with the proviso that no quantity is supplied
unless the price exceeds a particular positive level. In all} /then, the model will
contain one equilibrium condition plus two behavioral-equations which govern
the demand and supply sides of the market, respectively.
Translated into mathematical statements, the model can be written as:

QdZQs
(3.1)  Q,=a-bP (a.b>0)
Q.= —c+dP (c/d > 0)

Four parameters. a, b, ¢, and"¢, appear in the two linear functions, and all of
them are specified to be positive, When the demand function is graphed, as in Fig.
3.1, its vertical intercept is at a\and its slope is — b, which is negative, as required.
The supply function also has-the required type of slope, d being positive, but its

Qa, Qs

Qq—a

¢demand) Qi =-—c+dP

(supply)

|
|
|
)
P

Figure 3.1
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vertical intercept is seen to be negative, at —c¢. Why did we want to specify such a
negative vertical intercept? The answer is that, in so doing, we force the supply
curve to have a positive horizontal intercept at P,, thereby satisfying the proviso
stated earlier that supply will not be forthcoming unless the price/is positive and
sufficiently high.

The reader should observe that. contrary to the usual practice, quantity rather
than price has been plotted vertically in Fig. 3.1. This, however,1s-in’line with the
mathematical convention of placing the dependent variable/on the\vertical axis. In
a different context below, in which the demand curve is—viewed from the
standpoint of a business firm as describing the average-revenue curve, AR = P =
F(Q,). we shall reverse the axes and plot P vertically;

With the model thus constructed, the next step.is-to’solve it, i.e., to obtain the
solution values of the three endogenous variables, @ ;. Q ., and P. The solution
values, to be denoted Q,. Q. and P, are those values that satisfy the three
equations in (3.1) simultaneously; i.e., they are'the values which, when substituted
into the three equations, make the latter a setof true statements. In the context of
an equilibrium model, those values may also be referred to as the equilibrium
values of the said variables. Since Q, = Q.. however, they can be replaced by a
single symbol Q. Hence, an equilibrium soldtion of the model may simply be
denoted by an ordered pair (P, QY. k' case the solution is not unique, several
ordered pairs may each satisfy-the system of simultaneous equations; there will
then be a solution set with more than one element in it. However, the multiple-
equilibrium situation cannot arise in’ a linear model such as the present one.

Solution by Elimination of Variables

One way of finding a-solution to an equation system is by successive elimination
of variables and equations through substitution. In (3.1). the model contains three
equations in three variables. However, in view of the equating of Q, and Q, by
the equilibrium:condition, we can let Q = Q, = Q_ and rewrite the model
equivalently-as-follows:

Q=49 — bP
(32)
Q= —-c+dP

thereby reducing the model to two equations in two variables. Moreover, by
substituting the first equation into the second in (3.2), the model can be further
reduced to a single equation in a single variable:

a—bP = —c+dP

or, after subtracting (a + dP) from both sides of the equation and multiplying
through by —1,

(33) (b+d)P=a+c
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This result is also obtainable directly from (3.1) by substituting the second and
third equations into the first.

Since b + d # 0, it is permissible to divide both sides of (3.3) by (b 4 d). The
result is the solution value of P:

a—+c¢

(34) P=—

Note that P is—as all solution values should be—expressed entirely in terms of
the parameters, which represent given data for the model. Thus P is a’determinate
value, as it ought to be. Also note that P is positive—as-a price should
be—because all the four parameters are positive by model specification.

To find the equilibrium quantity Q (= Q, = Q,) that corresponds to the
value P, simply substitute (3.4) into either equation of (3.2), and then solve the
resulting equation. Substituting (3.4) into the demand function, for instance, we

can get

_ b(a+c¢) alb+d)—=blat/c) ad— bc
(3:5)  @=a-7mg = b+ d T h+d

which is again an expression in terms-6f parameters only. Since the denominator
(b + d) is positive, the positivity‘of O requires that the numerator (ad — bc) be
positive as well. Hence, to be economically meaningful, the present model should
contain the additional restriction that ad)> bc.

The meaning of this restriction-can be seen in Fig. 3.1. It is well known that
the P and Q of a market model may be determined graphically at the intersection
of the demand and supply curves-To have Q > 0 is to require the intersection
point to be located above the horizontal axis in Fig. 3.1, which in turn requires
the slopes and vertical(intercepts of the two curves to fulfill a certain restriction
on their relative magnitudes. That restriction, according to (3.5), is ad > bc, given
that both b and d are positive.

The intersection of the demand and supply curves in Fig. 3.1, incidentally, is
in concept no different from the intersection shown in the Venn diagram of Fig,
2.2b. There is one difference only: instead of the points lying within two circles,
the present case involves the points that lic on two lines. Let the set of points on
the demand-and supply curves be denoted, respectively, by D and S. Then, by
utilizing ‘the symbol Q (= Q, = Q,), the two sets and their intersection can be
written

D={(P.Q)|Q=a—bP)
S={(P.Q)| Q= —c+dP)
and DnNS=(P.Q)

The intersection set contains in this instance only a single element, the ordered
pair (P, Q). The market equilibrium is unique.
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EXERCISE 3.2

1 Given the market model

0,= 0,
Q,=24-2P
Q.= —-5+17P

find P and Q by () elimination of variables and (b) using formulas (3.4) and (3.5). (Use
fractions rather than decimals.)

2 Let the demand and supply functions be as follows:
(a) Q,=51-3P by Q,=30-2P
Q,=6P—10 Q.= —6+5P
find P and Q by elimination of variables. (Use fractions.rather than decimals.)

3 According to (3.5), for Q to be positive, it is necessary that the expression (ad — bc)
have the same algebraic sign as (b + d). Verify that this condition is indeed satisfied in the
models of the preceding two problems.

4 If (b+d)=0 in the linear market model, canan equilibrium sclution be found by
using (3.4) and (3.5)? Why or why not?

S 1If (b+d)=0 in the linecar market {model, what can you conclude regarding the
positions of the demand and supply curves in Fig. 3.1?7 What can you conclude, then,
regarding the equilibrium solution?

3.3 PARTIAL MARKET EQUILIBRIUM—A NONLINEAR MODEL

Let the linear demand in the isolated market model be replaced by a quadratic
demand function, while the supply function remains linear. Then, if numerical
coefficients are employed rather than parameters, a model such as the following
may emerge:

deQ\‘
(36) “~Q,=4- p?
0, = 4r 1

As previously, this system of three equations can be reduced to a single equation
by elimination of variables (by substitution):

4—P2=4p 1
or
(3.7)  P*+4P-5=0

This is a quadratic equation because the left-hand expression is a quadratic
function of variable P. The major difference between a quadratic equation and a
linear one is that, in general, the former will yield two solution values.
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Quadratic Equation versus Quadratic Function

Before discussing the method of solution, a clear distinction should be -made
between the two terms quadratic equation and guadratic function. According to the
earlier discussion, the expression P2 + 4P — 5 constitutes a quadratic function.
say, f(P). Hence we may write

(3.8) f(P)=P*+4P -5

What (3.8) does is to specify a rule of mapping from P to f(P),/such as
P }~-}—6‘—5’—4’-31—2’—1} I 2 |-
syl o] s -] o esf=splo | 7]

0
_5i

Although we have listed only nine P values in this-table, actually a// the P values
in the domain of the function are eligible for listing/ It is perhaps for this reason
that we rarely speak of “solving” the equation f(P) = P? + 4P — 5, because we
normally expect “solution values” to be few in number, but here all P values can
get involved. Nevertheless, one may legitimately consider each ordered pair in the
table above—such as (— 6, 7) and.( — 35, 0)=<as a solution of (3.8), since each such
ordered pair indeed satisfies that-€quation. Inasmuch as an infinite number of
such ordered pairs can be written; one for each P value, there is an infinite
number of solutions to (3.8)/,When plotted as a curve, these ordered pairs
together yield the parabola in Fig. 3.2!

TAP)

f(P) = PPF4P—5

Figure 3.2
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In (3.7). where we set the quadratic function f( P) equal to zero, the situation
is fundamentally changed. Since the variable f( P) now disappears (having been
assigned a zero value), the result is a quadratic equation in the single variable P.*
Now that f( P) is restricted to a zero value, only a select number of P values can
satisfy (3.7) and qualify as its solution values, namely, those P values at which the
parabola in Fig. 3.2 intersects the horizontal axis—on which f(P) is zero. Note
that this time the solution values are just P values, not ordered pairs. The solution
P values are often referred to as the roots of the quadratic equation f(P) = 0, or,
alternatively, as the zeros of the quadratic function f(P).

There are two such intersection points in Fig. 3.2, namely, (1,0) and (-5, 0).
As required, the second element of each of these ordered-pairs‘(the ordinate of the
corresponding point) shows f(P) = 0 in both cases. The first element of each
ordered pair (the abscissa of the point), on the other hand} gives the solution value
of P. Here we get two solutions,

}7]=1 and 1?2=—5

but only the first is economically admissible, as negative prices are ruled out.

The Quadratic Formula

Equation (3.7) has been solved graphically, but an algebraic method is also
available. In general, given a quadratic equation in the form

(3.9) ax?+ bx+c=0 (a =+ 0)

its two roots can be obtained frony the quadratic formula:

bt (b — 4ac)'”

(3.10) X%, 5

This widely-used formula is derived by means of a process known as
“completing ‘the square.” First, dividing each term of (3.9) by a results in the
equation

where the + part-of the + sign yields X, and the — part yields X,.

b c
xT+=x+—=0
a a

Subtracting ¢/a from, and adding b’ /4a* to, both sides of the equation, we get

. b b? b? ¢
b ox = = &
4q®  4q’ a

* The distinction between quadratic function and quadratic equation just discussed can be
extended also to cases of polynomials other than quadratic. Thus, a cubic equation results when a
cubic function is set equal to zero.
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The left side is now a “perfect square,” and thus the equation can be expressed as
( . b )2 b* — dac
X P -
( 2a 4q°
or, after taking the square root on both sides,
b (= da)”
2a 2a

Finally, by subtracting b/2a from both sides, the result in (3:10Yis evolved.
Applying the formula to (3.7), where a = 1, b = 4, ¢ = 5, and x = P, the
roots are found to be

x +

_ -4+ (164+20)° —4+6

P, B = 5 =——=L=5
which check with the graphical solutions in Fig. 3.2. Again, we reject_ﬁ2 = —5o0n
economic grounds and, after omitting the subscript 1. write simply P = 1.

With this information in hand. the equilibrium quantity Q can readily be

found from either the second or the third equation of (3.6) to be Q = 3.

Another Graphical Solution

One method of graphical solution of the present model has been presented in Fig.
3.2. However, since the quantity variable has been eliminated in deriving the
quadratic equation, only P'can be)found from that figure. If we are interested in

(t)r/s (l) N

Figure 3.3
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finding P and Q simultaneously from a graph, we must instead use a diagram
with Q on one axis and P on the other, similar in construction to Fig. 3.1. This is
llustrated in Fig. 3.3. Our problem is of course again to find the intersection of
two sets of points, namely,

D={(P.Q)jQ=4-P)
and S=((P,Q)|Q=4P~ 1}

If no restriction is placed on the domain and the range, the intersection set will
contain two elements, namely,

DN S={(1.3),(=5 -21))

The former is located in quadrant I, and the latter (not drawn) in quadrant I11. If
the domain and range are restricted to being nonnegative, however, only the first
ordered pair (1, 3) can be accepted. Then the/¢quilibrium is again unique.

Higher-Degree Polynomial Equations

If a system of simultaneous equations reduges not to a linear equation such as
(3.3)* or to a quadratic equation such as (3.7) but to a cubic (third-degree
polynomial) equation or quartic {fourth-degree polynomial) equation, the roots
will be more difficult to find-~One useful method which may work is that of
factoring the function. For example, the expression x? — x* — 4x + 4 can be
written as the product of three-factors (x — 1), (x + 2), and (x — 2). Thus the
cubic equation

x'—x?—4x+4=0
can be written after factoring as

(x = D(x#2)(x=2)=0
In order for the left-hand product to be zero, at least one of the three terms in the
product must be zero. Setting each term equal to zero in turn, we get

x— D=0 or x+2=0 or x—2=0
These three -equations will supply the three roots of the cubic equation, namely,
X, =1 X, = — and ;=2

The) trick 1s, of course, to discover the appropriate way of factoring. Unfor-
tunately, no general rule exists, and it must therefore remain a matter of trial and
error. Generally speaking, however, given an nth-degree polynomial equation
JSi(lx) = 0, we can expect exactly » roots, which may be found as follows. First, try

to find a constant ¢, such that f(x) is divisible by (x + ¢,). The quotient
f¢x)/(x + ¢,) will be a polynomial function of a lesser—(n — 1)st—degree; let

* Equation (3.3) can be viewed as the result of setting the linear function (b + d)P — (a + ¢)
equal to zero.
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us call it g(x). It then follows that

J(x) = (x+ ¢ )glx)

Now, try to find a constant ¢, such that g(x) is divisible by (x +.¢,). The
quotient g(x)/(x + ¢,) will again be a polynomial function of a lesser-—this time
(n — 2)nd—degree, say. A(x). Since g(x) = (x + ¢,)h(x), it follows that

flx) = (x +¢)glx) = (x + ¢ )(x + ;) h(x)

By repeating the process, it will be possible to reduce the original nth-degree
polynomial f(x) to a product of exactly »n terms:

flx)=(x+c)x+c) (x+¢,)

which, when set equal to zero, will yield » roots. Setting) the first factor equal to
zero, for example, one gets X, = —c,. Similarly; the /other factors will yield
X, = —c¢,, X; = —cy, etc. These results can/be more succinctly expressed by
employing an index subscript i:

X = —c (i=1.,2,....n)

I {

Even though only one equation iswritten; the fact that the subscript i can take n
different values means that in all there aren equations involved. Thus the index
subscript provides a very concise way of statement.

EXERCISE 3.3

1 Find the zeros of the following functions graphically:
(a) f(x)=x? —Tx k0 (b) g(x)=2x>—4x-16

2 Solve the preceding problem by the quadratic formula.

3 Solve the following polynomial equations by factoring:
(a) PP+ 4P—=35~=0 [see (3.7)] (¢)x'=7Tx’+ 14x-8=0
(b)) ¥} 42x3< 4x-8=0 (dy x* —3x"—4x =0

4 Find a cubic function with roots 7, —2, and 5.

5 Find the equilibrium solution for each of the following models:

(@) 0p=0Q, (b)) Q,=0,
Q,=3-pP° Q,=8—P°
O, =6P—4 Q, =P -2

6. The 'market equilibrium condition, Q,= @, is often expressed in an equivalent
alternative form, @, — @, = 0, which has the economic interpretation “excess demand is
zero.” Does (3.7) represent this latter version of the equilibrium condition? If not, supply
an appropriate economic interpretation for (3.7).
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3.4 GENERAL MARKET EQUILIBRIUM

The last two sections dealt with models of an isolated market, wherein the @ and
Q. of a commodity are functions of the price of that commodity(alone. In the
actual world, though, no commodity ever enjoys (or suffers) such-a hermitic
existence; for every commodity, there would normally exist many substitutes and
complementary goods. Thus a more realistic depiction of the demand)/function of
a commodity should take into account the effect not only of the price of the
commodity itself but also of the prices of most, if not alll)of the related
commodities. The same also holds true for the supply function. Once the prices of
other commodities are brought into the picture, howeéver, ‘the structure of the
model itself must be broadened so as to be ablecto yield thel equilibrium values of
these other prices as well. As a result, the price and quantity variables of multiple
commodities must enter endogenously into the'model en masse.

In an isolated-market model, the equilibrium condition consists of only one
equation, Q, = Q_, or E= Q,—~ Q, = 0, where £ stands for excess demand.
When several interdependent commodities are \simultaneously considered, equi-
librium would require the absence of excess- demand for each and every commod-
ity included in the model, for if so much as one commodity is faced with an excess
demand, the price adjustment (6f that’ commodity will necessarily affect the
quantities demanded and quantities supplied of the remaining commodities,
thereby causing price changes all around. Consequently, the equilibrium condi-
tion of an n-commodity market model will involve n equations, one for each
commodity, in the form

(3.11)  E=0,-0.=0 (i=12....n)

If a solution exists, thére will be a set of prices P, and corresponding quantities Q,
such that all the n equations in the equilibrium condition will be simultaneously
satisfied.

Two-Commodity-Market Model

To illustrate the problem, let us discuss a simple model in which only two
commodities are related to each other. For simpheity, the demand and supply
functions of both commodities are assumed to be linear. In parametric terms,
such.a model can be written as

On—0yw=0
Qu=ay+aP +a,P
Q,=b,+bP +bP,
Qpn~—0n=0
Opn=0o,+a, P +a,P,
Q=B+ 5P+ 5P

(3.12)
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where the ¢ and b coefficients pertain to the demand and supply functions of the
first commodity. and the a and B coefficients are assigned to those of the second.
We have not bothered to specify the signs of the coefficients, but in the course of
analysis certain restrictions will emerge as a prerequisite to economically sensible
results. Also, in a subsequent numerical example, some comments will be made
on the specific signs to be given the coefficients.

As a first step toward the solution of this model, we can again resort to
elimination of variables. By substituting the second and third equations into the
first (for the first commodity) and the fifth and sixth equations into/the fourth (for
the second commodity), the model is reduced to two equations in two variables:

(ay — bo) + (al = b)P, + (a, — bz)Pﬂ =0

(ag— By) + (& = B P + (ay — By) Py =0

These represent the two-commodity version of (3.11), after the demand and
supply functions have been substituted into the two equilibrium-condition equa-
tions.

Although this is a simple system of only two equations, as many as 12
parameters are involved, and algebraic manipulations will prove unwieldy unless
some sort of shorthand is introduced. Let us therefore define the shorthand
symbols

(3.13)

Cl = al - bl

(i=0,1,2)

YI = ai - :B:
Then (3.13) becomes—after transposing the ¢, and y, terms to the right-hand side
of the equals sign:

(3.13,) P+ e Pr= —¢g
"Pi b=

which may be solved by further elimination of variables. From the first equation.

it can be found that P, = —(¢, + ¢,P,)/c,. Substituting this into the second
equation and solving, we get
N
(3.14) P, = ¥ T Co¥a
OY2 — 6N

Note that P,is entirely expressed, as a solution value should be, in terms of the
data (parameters) of the model. By a similar process, the equilibrium price of the
second.commodity is found to be

(3.15) }72 _ SN T Y

Y2 T 6N

For these two values to make sense, however, certain restrictions shouid be
imposed on the model. First, since division by zero is undefined, we must require
the common denominator of (3.14) and (3.15) to be nonzero. that is, ¢;v, # ¢,¥;-
Second, to assure positivity, the numerator must have the same sign as the
denominator.
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The equilibrium prices having been found, the equilibrium quantities Q, and
Q_2 can readily be calculated by substituting (3.14) and (3.15) into the second (or
third) equation and the fifth (or sixth) equation of (3.12). These solution values
will naturally also be expressed in terms of the parameters. (Their-dctual calcula-
tion is left to you as an exercise.)

Numerical Example

Suppose that the demand and supply functions are numerically as follows:
Q= 10-2P + P,
Qsl = -2+ 3Pl

(3.16)
0,= 15+ P — P,

Q,=—1 +2P,

What will be the equilibrium solution?

Before answering the question, let us, take a look at the numerical coefficients.
For each commodity, Q; is seen t0 depend on P, alone, but @, is shown as a
function of both prices. Note that while P, has a negative coefficient in Q,,, as we
would expect, the coefficient of P; is-positive. The fact that a rise in P, tends to
raise Q,, suggests that the two commodities are substitutes for each other. The
role of P, in the @, function-has a similar interpretation.

With these coefficients, the shorthand symbols ¢, and v, will take the following
values:

It

€y

10~(=2)=12 ¢=-2-3=-5 c¢,=1-0=1

I

Yo=15—-(=Hh=1l6 y,=1-0= y,=—-1-2= -3

By direct substitution of these into (3.14) and (3.15), we obtain

P =3=33 and P, =% =64

And the furthér substitution of P, and P, into (3.16) will yield
0, =%=91 and 0, =%=124

Thus-all the equilibrium values turn out posttive, as required. In order to preserve
the exact values of P, and P, to be used in the further calculation of @, and Q,, it
is advisable to express them as fractions rather than decimals.

Could we have obtained the equilibrium prices graphically? The answer is
yes. From (3.13), it 1s clear that a two-commodity model can be summarized by
two equations in two variables P, and P,. With known numerical coefficients,
both equations can be plotted in the P, P, coordinate plane, and the intersection
of the two curves will then pinpoint P, and P,.
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n-Commodity Case

The above discussion of the multicommodity market has been limited to the case
of two commodities, but it should be apparent that we are already moving from
partial-equilibrium analysis in the direction of general-equilibrium ~analysis. As
more commodities enter into a model, there will be more variables. and more
equations, and the equations will get longer and more complicated. If all the
commodities in an economy are included in a comprehensive market model, the
result will be a Walrasian type of general-equilibrium model,\in which the excess
demand for every commodity is considered to be a function of the prices of all the
commodities in the economy.

Some of the prices may, of course, carry zero coefficients when they play no
role in the determination of the excess demand of a particuldr commodity: e.g., in
the excess-demand function of pianos the price of popcorn may well have a zero
coefficient. In general, however, with n commodities)in all, we may express the
demand and supply functions as follows (using-Q, and Q. as function symbols
in place of fand g):

Qdi = Q(II(P|‘ PZ""’ Pn)
Q.\'l = QS((PI’ PZ""“ Pn)

In view of the index subscript, these two-equations represent the totality of the 2n
functions which the model contains. (These functions are not necessarily linear.)
Moreover, the equilibrium condition is itself composed of a set of n equations,

(3.18) 0, —0.,=0 (((i=1.2....n)

When (3.18) is added to (3:17), the model becomes complete. You should
therefore count a total of 3n ¢quations.

Upon substitutionof(3.17) into (3.18), however. the model can be reduced to
a set of n simultageous equations only:

QdI(PI"PZ""’Pn)_Q.YI(PI‘PZ """ Pn): (i:172""’n)

Besides, inasmuch as E, = Q,, — Q,,. where E, is necessarily also a function of all
the n prices, the above set of equations may be written alternatively as

E(P. Pyl P)=0 (i=12....n)

(3.17)

Solved simultaneously, these n equations will determine the n equilibrium prices
P—if a solution does indeed exist. And then the Q, may be derived from the
demand or supply functions.

Selution of a General-Equation System

If a’model comes equipped with numerical coefficients, as in (3.16), the equi-
librium values of the variables will be in numerical terms, too. On a more general
level, if a model is expressed in terms of parametric constants, as in (3.12), the
equilibrium values will also involve parameters and will hence appear as “for-
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mulas,” as exemplified by (3.14) and (3.15). If, for greater generality, even the
function forms are left unspecified in a model, however, as in (3.17), the_ manner
of expressing the solution values will of necessity be exceedingly general as-well.

Drawing upon our experience in parametric models, we know<that a-selution
value is always an expression in terms of the parameters. For a general-function
model containing, say. a total of m parameters (a,. a,,. ... a,/y—where m is not
necessarily equal to n—the n equilibrium prices can therefore be expected to take
the general analytical form of

(3.19) P =P(a,.a,...., a,,) (i=1.2,....n)

This is a symbolic statement to the effect that the solution value of each variable
(here, price) is a function of the set of all parameters of the model. As this is a
very general statement, it really does not give much detailed information about
the solution. But in the general analytical treatment of some types of problem,
even this seemingly uninformative way of expressing/a solution will prove of use,
as will be seen in a later chapter.

Writing such a solution is an easy task. But an important catch exists: the
expression in (3.19) can be justified ifzand only if a unique solution does indeed
exist, for then and only then can we map-the ordered m-tuple (a,, a,..... a,,
into a determinate value for each price 2. Yet, unfortunately for us, there is no a
priori reason to presume that every model will automatically yield a unique
solution. In this connection,/it needs to be emphasized that the process of
“counting equations and unknowns”/does not suffice as a test. Some very simple
examples should convince/us that an equal number of equations and unknowns
(endogenous variables) does not/necessarily guarantee the existence of a unique
solution.

Consider the three simultaneous-equation systems

(320 ¥ r=8
x+oy =9
2x . y=12

(3.21) 4x +2y =24
2x/+ 3y = 58

(3.22) y=18
x+ y=20

In (3.20), despite the fact that two unknowns are linked together by exactly two
equations, there is nevertheless no solution. These two equations happen to be
ingonsistent, for if the sum of x and y is 8, it cannot possibly be 9 at the same
time. In (3.21), another case of two equations in two variables, the two equations
are functionally dependent, which means that one can be derived from (and is
implied by) the other. (Here, the second equation is equal to two times the first
equation). Consequently, one equation is redundant and may be dropped from
the system, leaving in effect only one equation in two unknowns. The solution will
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then be the equation y = 12 — 2x, which yields not a unique ordered pair (X, 7)
but an infinite number of them, including (0, 12), (1, 10), (2, 8), etc., all of which
satisfy that equation. Lastly, the case of (3.22) involves more equations than
unknowns, yet the ordered pair (2, 18) does constitute the unique solution to it.
The reason is that, in view of the existence of functional dependenceamong the
equations (the first is equal to the second plus twice the third), we have in effect
only two independent, consistent equations in two variables.

These simple examples should suffice to convey the importance, of consistency
and functional independence as the two prerequisites for application of the process
of counting equations and unknowns. In general, in order to apply that process,
make sure that (1) the satisfaction of any one equation-in the model will not
preclude the satisfaction of another and (2) no equation is redundant. In (3.17),
for example, the » demand and n supply functions may safely be assumed to be
independent of one another, each being derived from a different source—each
demand from the decisions of a group of consumers/ and each supply from the
decisions of a group of firms. Thus each function serves to describe one facet of
the market situation, and none is redundant. Mutual consistency may perhaps
also be assumed. In addition, the equilibrium-condition equations in (3.18) are
also independent and presumably consistent. Therefore the analytical solution as
written in (3.19) can in general be considered justifiable.*

For simultaneous-equation‘models; there exist systematic methods of testing
the existence of a unique (or determinate) solution. These would involve, for
linear models, an application of the concept of determinants. to be introduced in
Chap. 5. In the case of nonlinear models. such a test would also require a
knowledge of so-called “partial derivatives” and a special type of determinant
called the Jacobian determinant, which will be discussed in Chaps. 7 and 8.

EXERCISE 3.4

1 Work out the step-by:step solution of (3.13"), thereby verifying the results in (3.14) and
(3.15).

2 Rewrite/(3.14).and (3.15) in terms of the original parameters of the model in (3.12).
3 The demand and supply functions of a two-commodity market model are as follows:
Q.= 18=73P + P, Qp= 12+P — 2P,
Qu ==<2+4p Qo= -2 + 3P,
Bind P, and Q, (i = 1,2). (Use fractions rather than decimals.)

* This is essentially the way that Leon Walras approached the problem of the existence of a
genieral market equilibrium. In the modern literature, there can be found a number of sophisticated
mathematical proofs of the existence of a competitive market equilibrium under certain postulated
economic conditions. But the mathematics used is advanced. The easiest one to understand is perhaps
the proof given in Robert Dorfman. Paul A. Samuelson, and Robert M. Solow, Linear Programming
and Economic Analvsis. McGraw-Hill Book Company, New York. 1958, chapter 13, which you should
read afrer having studied Part 6 of the present volume.
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3.5 EQUILIBRIUM IN NATIONAL-INCOME ANALYSIS

Even though the discussion of static analysis has hitherto been/restricted to
market models in various guises—linear and nonlinear, one-commodity and
multicommodity, specific and general—it, of course, has applications in other
areas of economics also. As a simple example, we may cite the familiar Keynesian
national-income model,
Y=C+1,+ G,
C=a+bY
where Y and C stand for the endogenous variables national income and consump-
tion expenditure, respectively, and /, and G, represent’/the exogenously de-
termined investment and government expenditures. The first equation is an
equilibrium condition (national income = total expenditure). The second, the
consumption function, is behavioral. The two. parameters in the consumption
function, a and b, stand for the autonomous consumption expenditure and the
marginal propensity to consume, respectively.

It is quite clear that these two equations in two endogenous variables are
neither functionally dependent upon, not inconsistent with, each other. Thus we
would be able to find the equilibrivm values of income and consumption
expenditure, Y and C, in terms of the parameters @ and b and the exogenous
variables I, and G,,.

Substitution of the second equation into the first will reduce (3.23) to a single
equation in one variable, Y

Y=a+bY+1I,+ G,
or (1=b)Y=a+ I+ G,

(3.23) (a>0, 0<b<1)

Thus the solution value-of Y (equilibrium national income) is
ax* I, +G,
= b
which, it should be noted, is expressed entirely in terms of the parameters and
exogenous variables, the given data of the model. Putting (3.24) into the second

equation of (3.23) will then yield the equilibrium level of consumption expendi-
ture:

(3.24) Y=

: = - bla+1,+G
(3.25) . C=a+bY=a+—jS%;Jﬁ
_a(l=b)+bla+ 1+ Gy) a+b(ly+ Gpy)
B =5 - 1—b

which is again expressed entirely in terms of the given data.

Both Y and C have the expression (1 — b) in the denominator; thus a
restriction b # 1 is necessary, to avoid division by zero. Since b, the marginal
propensity to consume, has been assumed to be a positive fraction, this restriction
is automatically satisfied. For Y and C to be positive, moreover, the numerators in
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(3.24) and (3.25) must be positive. Since the exogenous expenditures I, and G, are
normally positive, as is the parameter a (the vertical intercept of the consumption
function), the sign of the numerator expressions will work out, too.

As a check on our calculation, we can add the C expression i (3:25) to
(I, + G,) and see whether the sum is equal to the Y expression in (3.24). If so,
the C and Y values do satisfy the equilibrium condition, and the solution is valid.

This model is obviously one of extreme simplicity and crudity, but other
models of national-income determination, in varying degrees’ of complexity and
sophistication, can be constructed as well. In each case, however, the principles
involved in the construction and analysis of the model are identical with those
already discussed. For this reason, we shall not go into/further illustrations here.
A more comprehensive national-income model, involving the simultaneous equi-
librium of the money market and the goods market, will be discussed in Sec. 8.6
below.

EXERCISE 3.5

1 Given the following model:
Y=C+1,+ G,
C=a+b(Y~-T) (a>0, O<b=<) [T: taxes]
T=d+1Y (d>0,/0<t< D [#: income tax rate]
(a) How many endogenous variables-are there?
(b) Find ¥, T, and C.

2 Let the national-income model-be:

Y=C+1I,+G
C=a+ WY -Ty) (a>0°0<h<
G=gY O<g<l

(a) Identify the endogenous variables.

(b) Give the economic meaning of the parameter g.

(¢) Find the equilibrium national income.

(d) What restriction on the parameters is needed for a solution to exist?

3 Find Y and C from the following:
Y=C+I;+G,
C =25+6Y!/
Iy=16
G, =14




CHAPTER

FOUR
LINEAR MODELS AND MATRIX ALGEBRA

For the one-commodity model'(3.1); the solutions P and Q as expressed in (3.4)
and (3.5) are relatively simple, even though a number of parameters are involved.
As more and more commodities are incorporated into the model, such solution
formulas quickly become cumbersome and unwieldy. That was why we had to
resort to a little shorthand, even) for the two-commodity case—in order that the
solutions (3.14) and (3.15) can still be written in a relatively concise fashion. We
did not attempt to tackle any three- or four-commodity models, even in the linear
version, primarily bécause we did not yet have at our disposal a method suitable
for handling a large system of simultaneous equations. Such a method is found in
matrix algebra, the subject of this chapter and the next.

Matrix algebra can enable us to do many things. In the first place, it provides
a compact way of writing an equation system, even an extremely large one.
Second, it leads to-a way of testing the existence of a solution by evaluation of a
determinant—a concept closely related to that of a matrix. Third, it gives a
method of finding that solution (if it exists). Since equation systems are encoun-
tered ‘not only in static analysis but also in comparative-static and dynamic
analyses.and in optimization problems, you will find ample application of matrix
algebra.in almost every chapter that is to follow.

However, one slight “catch” should be mentioned at the outset. Matrix
algebra is applicable only to linear-equation systems. How realistically linear
equations can describe actual economic relationships depends, of course, on the
nature of the relationships in question. In many cases, even if some sacrifice of
realism is entailed by the assumption of linearity, an assumed linear relationship
can produce a sufficiently close approximation to an actual nonlinear relationship
to warrant its use. In other cases, the closeness of approximation may also be

54
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/‘\ Nonlinear curve

Figure 4.1

improved by having a separate linear: approximation for each segment of a
nonlinear relationship, as is illustrated in Fig. 4.1. If the solid curve is taken as the
actual nonlinear relationship, a single’ linear approximation might take the form
of the solid straight line, which shows substantial deviation from the curve at
certain points. But if the domain is divided into three regions r,, r,, and r,, we can
have a much closer linear approximation (broken straight line) in each region.

In yet other cases, while preserving the nonlinearity in the model, we can
effect a transformation of variables so as to obtain a linear relation to work with.
For example, the nonlingar function

y = ax?

can be readily transformed, by taking the logarithm on both sides, into the
function

A

log y = log a*+blog x

which is linear in the two variables (log y) and (log x). (Loganthms will be
discussed in-detail in Chap. 10.)

In short, the linearity assumption frequently adopted in economics may in
certain cases be quite reasonable and justified. On this note, then, let us proceed
to the study of matrix algebra.

4.1\ MATRICES AND VECTORS

The two-commodity market model (3.12) can be written—after eliminating the
quantity variables—as a system of two linear equations, as in (3 137,

P+ c,Py= —¢, !

WP+ vnPh= -y
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where the parameters ¢, and y, appear to the right of the equals sign. In general, a
system of m linear equations in » variables (x,, x,,..., x,) can also be/arranged
into such a format:

anx, ta,x,+---+a,x,=d,
(4.1) AyX, *+ay x,+---+a,,x,=d,
QX+ AppXy + -+ a,,x,=d,

In (4.1), the variable x, appears only within the leftmost column; and in general
the variable x; appears only in the jth column on the left side/of the equals sign.
The double-subscripted parameter symbol a;; represents-the coefficient appearing
in the ith equation and attached to the jth variable. For'example, a,, is the
coefficient in the second equation, attached to the variable x,. The parameter d,
which is unattached to any variable, on the other hand, represents the constant
term in the ith equation. For instance, d, is- the constant term in the first
equation. All subscripts are therefore keyed to the specific locations of the
variables and parameters in (4.1).

Matrices as Arrays

There are essentially three types/of ingredients in the equation system (4.1). The
first is the set of coefficients a, ; the second is the set of variables x,,..., x,; and
the last is the set of constant terms d,,..., d,,. If we arrange the three sets as
three rectangular arrays and label them, respectively, as 4, x, and d (without

subscripts), then we have

x, d
ay 4 a, X dl
a4y a, 2 2
(4.2) A= n x = d=
. aml am2 U amn . xn dm

As a simple example, given the linear-equation system
6x, +3x, + xy=22
(43) Xy +4x, —2x;=12
4x, — x5+ 5x;=10

we can write

6 3 1 x 2
(44 4=(1 4 -2 x =X d=|12 -
4 -1 5 X 10

Each of the three arrays in (4.2) or (4.4) constitutes a matrix.
A matrix is defined as a rectangular array of numbers, parameters, or
variables. The members of the array, referred to as the elements of the matrix, are
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usually enclosed in brackets, as in (4.2), or sometimes in parentheses or with
double vertical lines: || |. Note that in matrix A (the coefficient matrix of the
eqguation system), the elements are separated not by commas but by blank spaces
only. As a shorthand device, the array in matrix 4 can be written more simply as

A=a] i=1,2,...,m
=14y j=12,...,n

Inasmuch as the location of each element in a matrix is unequivocally fixed by the
subscript, every matrix is an ordered set.

Vectors as Special Matrices

The number of rows and the number of columns in a matrix together define the
dimension of the matrix. Since matrix A in (4.2) contains.n rows and »n columns, it
is said to be of dimension m X n (read: “m by n”). It is important to remember
that the row number always precedes the column number; this is in line with the
way the two subscripts in a;; are ordered. In the special case where m = n, the
matrix is called a square matrix; thus the matrix 4-in (4.4) is a 3 X 3 square
matrix. '
Some matrices may contain only one column, such as x and 4 in (4.2) or (4.4).
Such matrices are given the special name column vectors. In (4.2), the dimension
of x is n X 1, and that of d is m X 1;.in (4/4) both x and 4 are 3 X 1. If we
arranged the variables x; in a horizontal array, though, there would resulta 1 X n_

matrix, which is called a row vector. For notation purposes, a row vector is often

3

distinguished from a column vector by the use of a primed symbol:
i i Atttk
x=Ix x, x4
You may observe that a'vector (whether row or column) is merely an ordered
n-tuple, and as such it may be interpreted as a point in an n#-dimensional space. In
turn, the m X n matrix A can be interpreted as an ordered set of m row vectors or
as an ordered set of n column vectors. These ideas will be followed up later.
An issue of more immediate interest is how the matrix notation can enable us,
as promised; to-express‘an equation system in a compact way. With the matrices
defined in (4.4), we-can express the equation system (4.3) simply as

’ Ax=d .,

In fact, if 4, x,.and d are given the meanings in (4.2), then even the general-equa-
tion system in(4.1) can be written as Ax = d. The compaﬁness.oﬁhmnolatmnis
thus unmistakable.

However, the equation Ax = d prompts at least two questions. How do we
multiply two matrices 4 and x? What is meant by the equality of Ax and d? Since
matrices involve whole blocks of numbers, the familiar algebraic operations
defined for single numbers are not directly applicable, and there is need for a new
set of operational rules.
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EXERCISE 4.1

1 Rewrite the equation system (3.1) in the format of (4.1), and show that, if the three
variables are arranged in the order Q,, Q., and P, the coefficient matrix will-be

I -1 0
1 0 b
0 I —-d $

How would you write the vector of constants?

2 Rewrite the equation system (3.12) in the format of (4.1) with the variables arranged in
the following order: @, Q,, Qys, Qss, P;, P,. Write out (the coefficient matrix, the
variable vector, and the constant vector.

4.2 MATRIX OPERATIONS

As a preliminary, let us first deﬁne the word equality. Two matrices A = [4,;] and

= [b,;] are said to be equal if and only if they have the same dlmen51on and
have identical elements in the correspondmg locations in the array. In other
words, A = B if and only if a,, = b, for all values of i and j. Thus, for example,
we find

HE RN

As another example, if [ y] = [ 4], this will mean that x = 7 and y = 4.

Addition and Subtraction of Matrices

Two matrices can be added if and only if they have the same dimension. When
this dimensional requirement is met, the matrices are said to be conformable for
addition. In that case, the addition of 4 = [a;;] and B = [b;;] is defined as the
addition of each pair of corresponding elements

Example 1 .
[ 4 9] + ] 4+2 940 [6 9]
251 2+ 0 1+7 2 8
Example 2
[a), a, ] by by ay +by aptb, Vs
dy  ap|+|by by|=|ay+by aytby, C
| 431 a4y by by ay + by ay + by,
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In general, we may state the rule thus:

[a,] + [b,-j-] =[c;;] wherec,; = a,; + b,
Note that the sum matrix [c,;] must have the same dimension as the component
matrices [a,;] and [b,].

The subtraction operation A — B can be similarly defined if and only’if 4

and B have the same dimension. The operation entails the result

[a,] - [b;] = [d;] whered, =a,; b,

Example 3

[19 3 _[6 8]=[19—6 3-8 =[13 —5]
2 0 1 3 2-1 0-3 1 (~3
The subtraction operation A — B may be considered-alternatively as an addition
operation involving a matrix A and another matrix (— 1)B. This, however, raises

the question of what is meant by the multiplication of a matrix by a single
number (here, — 1).

Scalar Multiplication

—is to multiply every element of that matrix by the given scalar,

Example 4
7[3 -1] _ [21 -7]
0 5 0 435
Example 5
1

1 1
{aen an} 240 241

1 1
2 ay 4y 2@y 24y

From these examples, the rationale of the name scalar should become clear,
for it “scales up(or down)” the matrix by a certain multiple. The scalar can, of
course, be a negative number as well.

Example 6

ay a, 4, —a;; —ap —d,
=1 =
ay ap d, —ay, —a, —d4,

Note that if the matrix on the left represents the coefficients and the constant
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terms in the simultaneous equations
ayx) +apx; =d,
ayx; +apx; =d,

then multiplication by the scalar —1 will amount to multiplying both sides-of
both equations by — 1, thereby changing the sign of every term in the/system.

Multiplication of Matrices

Whereas a scalar can be used to multiply a matrix of any dimension, the

multiplication of two matrices is contingent upon the satisfaction of a different

dimensional requirement.

Suppose that, given two matrices 4 and B, we want to find the product 4B.
The conformability condition for multiplication is that/the column dimension of 4_
(the “lead” matrix in the expression 48) must be equal to the row dimension of
B (the “lag” matrix). For instance, if

o z[bn by, b13]

4.5 A =la, a,| 1 B
(4.5) (%2 [Il ,12]’ %3 by, by by

the product 4B then is defined, since; 4 has two columns and B has rwo
rows—premsely the same number.* This-can be checked at a glance by comparing
the second number in the dimension indicator for 4, which is (1 x 2), with the -
first number in the dimension indicator for/B, (2 X 3). On the other hand, the
reverse product BA is not defined in' this case, because B (now the lead matrix) has
three columns while 4 (the lag matrix) has only one row; hence the conformability
condition is violated.

In general, if 4 is of dimension m X n and B is of dimension p X ¢, the
matrix product 4B will be defined if and only if » = p. If defined, moreovVer, the
product matrix AB willthave the dimension m X g—the same number of rows as
the lead matrix 4 and the same number of columns as the lag matrix B. For the
matrices given in (4.5), 4B-will be 1 X 3.

It remains to define the exact procedure of multiplication. For this purpose,
let us take the matrices 4 and B in (4.5) for illustration. Since the product 4B is
defined and is-expected to be of dimension 1 X 3, we may write in general (using
the symbol C ratherthan ¢’ for the row vector) that

AB=C=[C|1 (4] C|3]

Each element in the product matrix C, denoted by c,;, is defined as a sum of
products, to be computed from the elements in the ith row of the lead matrix A4,
and- those jin the jth column of the lag matrix B. To find c,,, for instance, we
should take the first row in A (since i = 1) and the first column in B (since j = 1)

*The matrix 4, being a row vector, would normally be denoted by a’. We use the symbol A4 here
to'stress the fact that the multiplication rule being explained applies to matrices in general, not only to
the product of one vector and one matrix.
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First pair

Second pair

First pair

For ¢y5:

Second pair

Figure 4.2

—as shown in the top panel of Fig. 4.2—and then pair the elements together
sequentially, multiply out each pair, and take the sum of the resulting products, to
get

(4-6) cn = apby + apby,

Similarly, for c,,, we take the first row in A (since i = 1) and the second column in
B (since j = 2), and calculate the indicated sum of products—in accordance with
the lower panel of Fig. 4.2—as follows:

(4.6') ¢ = apbyy + apby
By the same token, we should also have
(4.6”) €13 = apbys + apbyy

It is the particular pairing requirement in this process which necessitates the
matching of the column dimension of the lead matrix and the row dimension of
the lag matrix before multiplication can be performed.

The multiplication procedure illustrated in Fig. 4.2 can also be described by
using the concept of the inner product of two vectors. Given two vectors # and v
with n elements each, say, (u;, 45,..., u,) and (v,, v,,..., v,), arranged either as
two rows or as two columns or as one row and one column, their inner product,
written/as u > v,1s defined as ‘

wv=uv; + U0y + -+ up,

This is a sum of products of corresponding elements, and hence the inner product
of two vectors is a scalar. If, for instance, we prepare after a shopping trip a
vector of quantities purchased of n goods and a vector of their prices (listed in the
corresponding order), then their inner product will give the total purchase cost.
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Note that the inner-product concept is exempted from the conformability condi-
tion, since the arrangement of the two vectors in rows or columns is immaterial.
Using this concept, we can describe the element ¢, in the product matrix
C = AB simply as the inner product of the ith row of the lead matrix 4 ‘and the
Jth column of the lag matrix B. By examining Fig. 4.2, we can easily verify the
“validity of this description.
The rule of multiplication outlined above applies with equal validity when the
dimenstons of A and B are other than those illustrated above; the <only prere-
quisite is that the conformability condition be met.

Example 7 Given
3 5 -1 0
(2132) [4 6] an 2x2) [ 4 7]
find AB. The product AB is obviously defined, and will be /2 X 2:
3(=1)+5(4) 3(0)+5(7)] _ [17 35]

A= ac1) +6a) 40)+6(7)| 20 a2

Example 8 Given

1 3 5
A =12 8 and b = [ ] ix7
(3x2) 4 0 @x1 9

find Ab. This time the product matrix should be 3 X 1, that is, a column vector:
1(5) + 3(9) 32
Ab=[2(5)+8(9) | =82
4(5) +0(9) 20

Example 9 Given

3 -1 2 0o -1 &

A |1 0 3 and B =|-1 1 &
(3x3) (3x3)

4 0 2 0 2 -

find 4B. The same rule of multiplication now yields a very special product
matrix:

0+14+0 —-3i-4i+¢ L-%-3 1 0 0
AB=10+0+0 —-i4+0+¢% Z+0-3|=]0 1 0
0+0+0 —-%+0+% 210-3% 0 0 1

This last matrix—a square matrix with s in its principal diagonal (the diagonal
running from northwest to southeast) and Os everywhere else—exemplifies the

important type of matrix known ag idensity garriy, This will be further discussed
below.
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Example 10 Let us now take the matrix 4 and the vector x as defined in (4.4)
and find Ax. The product matrix is a 3 X 1 column vector:

6 3 IHXI} 6x, + 3x, + x;

Ax =11 4 =2]1x2 X, + 4x, — 2x,4
4 -1 S11%3 4x, — x5 + 5x;
B3xX3 3xD 3xD

Repeat: the product on the right is a column vector, its corpulent appearance
notwithstanding! When we write Ax = d, therefore, we have

6x, + 3x, + x, 22
X, +dx, —2x; | =12
4x, — x5+ 5x,4 10

which, according to the definition of matrix equality, is-equivalent to the state-
ment of the entire equation system in (4.3).

Note that, to use the matrix notation 4x = d, it is'necessary, because of the
conformability condition, to arrange the variables x ; into a column vector, even
though these variables are listed in a horizontal order in the original equation
system.

Example 11 The simple national-income model in two endogenous variables Y
and C, .. SRR ST D — e

Y=C+ I, + G,
C=a+bY
can be rearranged into thestandard format of (4.1) as follows:
Y-C=1,+G, ’
—-bY+C=a

Hence the coefficient-matrix 4, the vector of variables x, and the vector of
constants d are:

L= ] [ Y] [1 +G ]
A = = d =] 0
Q2 X2 [—b 1 (2):1) C @ex1 a
Let us verify that this given system can be expressed by the equation Ax = d.
- By the rule of matrix multiplication, we have

(ry+ (-] [ r-c
-b(Y)+1(C) | |-bY+cC

1 -1
-5 1

Y
C

Ax =

Thus-the matrix equation Ax = 4 would give us

[ Y—C]=[IO+GO] _
—-bY + C a ) . S
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Since matrix equality means the equality between corresponding elements, it is
clear that the equation Ax = d does precisely represent the original equation
system, as expressed in the (4.1) format above.

The Question of Division

While matrices, like numbers, can undergo the operations of addition, subtrac-
tion, and multiplication—subject to the conformability conditions-—it is not
possible to divide one matrix by another. That is, we cannot write 4 /B.

For two numbers a and b, the quotient a/b (with b+ 0) can be written
alternatively as ab™' or b~ 'a, where b~ " represents the inverse or reciprocal of b.
Since ab~' = b~ 'a, the quotient expression a/b can be used to represent both
ab™"' and b~ 'a. The case of matrices is different. Applying the concept of inverses
to matrices, we may in certain cases (discussed below) define a matrix B~ that is
the inverse of matrix B. But from the discussion of conformability condition it
follows that, if AB~! is defined, there can be no assurance that B~'4 is also
defined. Even if AB™! and B~'4 are indeed both defined, they still may not
represent the same product. Hence the expression-4 /B cannot be used without
ambiguity, and it must be avoided. Instead, 'you must specify whether you are
referring to AB~ ' or B~'4A—provided that the inverse B~ does exist and that the
matrix product in question is defined. Inverse matrices will be further discussed
below.

Digression on ¥ Notation

The use of subscripted symbols not only helps in designating the locations of
parameters and variables but also lends itself to a flexible shorthand for denoting
sums of terms, such as those which arose during the process of matrix multiplica-
tion.

The summation shorthand makes use of the Greek letter X (sigma, for
“sum”). To express the sum of x,, x,, and x,, for instance, we may write

3
X; + X, Hxg= ij
=1
which is read: “the sum of x; as j ranges from 1 to 3.” The symbol j, called the
summation \index, takes only integer values. The expression x; represents the
summand (that which is to be summed), and it is in effect a function of j. Aside

from the letter j, summation indices are also commonly denoted by i or k, such as

Zx,.=x3+x4+x5+x6—+~x7

n B
X =Xg+x, t-+x —

n
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The application of I notation can be readily extended to cases in which the x
term is prefixed with a coefficient or in which each term in the sum is raised fo
some integer power. For instance, we may write:

3
ax; =ax, + ax, + ax; = a(x, + x, + ;) =a ). x;
1 j=1

M- Y.

ajxj: ax, + a2x2+ a3x3 F T ST P U,

“.
I

agx’ +ax' + ayx*+ -+ +a,x"

L=
o
xo..
I

ag+ ax + ayx* + -+ +a,x"

n
n

The last example, in particular, shows that the expression ) a,x’ can in fact be

i=0
used as a shorthand form of the general polynomial function of (2.4).

It may be mentioned in passing that, whenever the context of the discussion
leaves no ambiguity as to the range of summation, the symbol ¥ can be used
alone, without an index attaqllgfi (such as 2x;), or with only the index letter
underneath (such as Zx ).

Let us apply the\Z shorthand to'matrixmultiplication. In (4.6), (4.6"), and
(4.6”), each element of the product matrix C = AB is defined as a sum of terms,
which may now be rewritten as follows: R

ey = ayby +apby = X ayby,

cip=apbyy +apby = Z ayb,
k=1

2
€3 =ayb tapby= 2 apbys
k=1

In each case, the first subscript of ¢, is reflected in the first subscript of a,,, and
the second subscript of ¢, is reflected in the second subscript of &l in the X
expression. The'index k, on the other hand, is a “dummy” subscript; it serves to
indicate which particular pair of elements is being multiplied, but it does not
show up in the symbol ¢, .

" CExtending this to the multiplication of an m X n matrix A = [a,,] and an
n X p matrix B = [b,;], we may now write the elements of the m X p product
matrix AB'= C = [¢;;] as

n n
Z ayby ‘2 = Z a1.b, ‘

k=1 k=1 /
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or more generally,

" i=1,2,...,m
Cij_kglaikbkj . (j=1,2,---,]7)

This last equation represents yet another way of stating the rule of multiplication
for the matrices defined above.

EXERCISE 4.2

. _14 -1 _10 3 |8 3 )
1G1venA—[6 9],B [3 _2],andC [6 1],ﬁnd.

(@) A+B  (byC-4 () 34 (d) 4B +2C

2 8
2 GivenA4d = |3 0,B=[2 0],andC=[7 2]:
5 3 8 673

(a) Is AB defined? Calculate AB. Can you'calculate BA? Why?
(b) Is BC defined? Calculate BC. Is CB defined? If so, calculate CB. Is it true that
BC = CB?

3 On the basis of the matrices given in Example 9, is the product B4 defined? If so,
calculate the product. In this case do/we-have AB = BA?

4 Find the product matrices in the following/(in each case, append beneath every matrix a
dimension indicator):

0 1 0|8 O x
(a) [3 0 4”0 1] (c) [i 2 _g][y]
2 3 0lL3 5 z
4 -l 7 0
(b) [g : i][s 2] (d)[a b c][O 2]
0 1 1 4
5 Expansd the following summati‘?n expressions: ,
(@) L x (0) X bx, (& X (x+i)?
i=2 i=1 i=0
8 n )
(b) X ax (d) 2 ax"™ ;
i=5 i=1 4'2 O\O’CXL: - ‘}
6 Rewrite the following in L notation: ) ‘
(@) x,(xy = D+ 2x(x; = D+ 3x3(x3 = 1) =’

() as{(x3 + 2) + as(x, + 3) + a4(xs + 4)

1
(C)%+;12*+'-'+—x— (x+0)

hn

1 1 1
(d)l+;+;+--~+;— (X#O)

n
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7 Show that the following are true:
n n+1
((l) (EX,)+X,,+|= in
i=0 i=0

n
(b) Z“bjyj:“zbjyl'
=1 j=1

j=

J

J

n n n
(&) L(x+py)=Lx+ Ly
j=1 =1 =1

4.3 NOTES ON VECTOR OPERATIONS

In the above, vectors are considered as special types (of matrix. As such, they
qualify for the application of all the algebraic operations discussed. Owing to
their dimensional peculiarities, however, some additional comments on vector
operations are useful.

Multiplication of Vectors

An m X 1 column vector u, and a 1 X nrow vector v/, yield a product matrix uv’
of dimension m X n.

Example 1 Given u = B] and v-=[1 /4 5], we can get

C [30) 3@ 3] [3 12 15
“ A1) 204) 251 |2 8 10

Since each row in u consists of-one element only, as does each column in v’, each
element of uv’ turns out to be a single product instead of a sum of products. The
product uv’ is a 2 X-3 matrix, even though we started out only with two vectors.

On the other hand, given a 1 X n row vector ¥’ and an n X 1 column vector
v, the product u"v-will be of dimension 1 X 1.

Example 2 Given u’ = [3 4] and v = [3
w'o = [3(9) + 4(7)] = [55]

As written, #'0 is a matrix, despite the fact that only a single element is present.
However, 1 X 1 matrices behave exactly like scalars with respect to addition and
multiplication: [4] + [8] = [12], just as 4 + 8 = 12; and [3] [7] = [21], just as
3(7) =21. Moreover, 1 X 1 matrices possess no major properties that scalars do
not have. In fact, there is a one-to-one correspondence between the set of all
scalars and the set of all 1 X 1 matrices whose elements are scalars. For this

reason, we may redefine u’v to be the scalar corresponding to the 1 X 1 product
[

], we have
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matrix. For the above example, we can accordingly write u’v = 55. Such a
product is called a scalar product.* Remember, however, that while a 1 X 1 matrix
can be treated as a scalar, a scalar cannot be replaced by a 1 X 1 matrix at will if
further calculation is to be carried out, unless conformability conditions are
fulfilled. N
AR\

Example 3 Given a row vector u’ =[3 6 9], find «'u. Since u is merély the
column vector with the elements of u’ arranged vertically, we have

3
wu=1[3 6 9][6] =(3)* + (6)" + (9)°
9

where we have omitted the brackets from the 1 X 1 product matrix on the right.
Note that the product u’u gives the sum of squares of the elements of u.

In general, if ' = (4, u, --- u,], then u'u will be the sum of squares (a
_scalar) of the elements u 2

u’u=u12+u22+"'+u2=zu-2

Had we calculated the inner product u.--w(of #’ - u’), we would have, of course,
obtained exactly the same result. ' -

To conclude, it is important to distinguish between the meanings of uv’ (a
matrix larger than 1 X 1) and #’v-(a 1 X 1 matrix, or a scalar). Observe, in
particular, that a scalar product‘must have a row vector as the lead matrix and a
column vector as the lag matrix; otherwise the product cannot be I X 1.

Geometric Interpretation of Vector Operations

It was mentioned earlier that a column or row vector with n elements (referred to
hereafter as an n-vector) can be viewed as an n-tuple, and hence as a point in an
n-dimensional space (referred to hereafter as an n-space). Let us elaborate on this
idea. In Fig. 4.3a, a point (3, 2) is plotted in a 2-space and is labeled u. This is the

S| or the vector u’ = [3 2], both of

which indicate in-this context one and the same ordered pair. If an arrow (a
directed-line segment) is drawn from the point of origin (0,0) to the point u, it
will specify the unique straight route by which to reach the destination point u
from the point of origin. Since a unique arrow exists for each point, we can regard
the (vector u as graphically represented either by the point (3,2), or by the

geometric counterpart of the vector u =

* The coricept of scalar product is thus akin to the concept of inner product of two vectors with the
same number of elements in each, which also yields a scalar. Recall, however, that the inner product is
exempted from the conformability condition for multiplication, so that we may write it as « - v. In the
case of scalar product (denoted without a dot between the two vector symbols), on the other hand, we
can express it only as a row vector multiplied by a column vector, with the row vector in the lead.
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corresponding arrow. Such an arrow, which emanates from the origin (0, 0) like
the hand of a clock, with a definite length and a definite direction, is called a
radius vector.. '

Following this new interpretation of a vector, it becomes possible to give
geometric meanings to (a) the scalar multiplication of a vector, (b) the addition
and subtraction of vectors, and more generally, (c) the so-called “linear combina-~
~tion” of vectors. '

First, if we plot the vector [2] = 2u in Fig. 4.3a, the resulting arrow)will

overlap the old one but will be twice as long. In fact, the multiplication of vector
u by any scalar k will produce an overlapping arrow, but the arrowhead will be

xz , . , v
u
2u . 3,2)
4 6,4) "
3-- // |
v l X
24— " .
3.2) |
T |
0 1 2 3 4 5 6
@ D (b)
X2 . . X2 v
v+ u 4t (114)
6l 4,6)
~3
U—Uu -
(-2,2)»( 2+
\
/ 14
—4 —3 /-2 —1\
e e ot S .l
/ 0 1 2
/ —1T
—u 2+
} X (=3, —2)
5 .
.o v}vv~v--(»c) ..... X i (d)
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relocated, unless & = 1. If the scalar multiplier is k > 1, the arrow will be
extended out (scaled up); if 0 <k < 1, the arrow will be shortened (scaled
down); if k = 0, the arrow will shrink into the point of origin—which represents

g . A negative scalar multiplier will even reverse the direction of
-3

the arrow. If the vector u is multiplied by — 1, for instance, we get —# = [ L5l

and this plots in Fig. 4.3b as an arrow of the same length as u but diametrically
opposite in direction.

a null vector,

1 _ 13
4] and u = [2] The sum

Next, consider the addition of two vectors, v = [
v+u= [g] can be directly plotted as the broken aarrow-in Fig. 4.3¢. If we

construct a parallelogram with the two vectors u and v (solid arrows) as two of its
sides, however, the diagonal of the parallelogram will turn out exactly to be the
arrow representing the vector sum v + u. In general, a/ vector sum can be
obtained geometrically from a parallelogram. Moreover, this method can also give
us the vector difference v — u, since the latter is equivalent to the sum of v and
(—Du. In Fig. 4.3d, we first reproduce the vector-v-and the negative vector —u
from diagrams ¢ and b, respectively, and then construct a parallelogram. The
resulting diagonal represents the vector difference v — u.

It takes only a simple extension of the above results to interpret geometrically
a linear combination (i.e., a linear sum or difference) of vectors. Consider the
simple case of

so+2u=3 1] +2[3] = {7]

The scalar multiplication aspect of this operation involves the relocation of the
respective arrowheads of the'two vectors v and u, and the addition aspect calls for
the construction of a parallelogram. Beyond these two basic graphical operations,
there is nothing new in a linear combination of vectors. This is true even if there
are more terms in the linear combination, as in

Y kv, =kt ko, + -0 + kv

nn
i=1

where k; are a set of scalars but the subscripted symbols v, now denote a set of
vectors. To form this sum, the first two terms may be added first, and then the
resulting sum)is added to the third, and so forth, till all terms are included.

Linear Dependence ‘

A set of vectors v,,. ..., v, is said to be linearly dependent if (and only if) any one_

of them can be expressed as a linear combination of the remaining vectors;
otherwise they are linearly independent.

3
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Example 4 The three vectors v, = [ﬂ, v, = [ é], and v; = [g] are linearly
dependent because v, is a linear combination of v, and v,:

-] (2] 12

Note that this last equation is alternatively expressible as
30, - 20, — ;=0

where 0 = [8] represents a null vector (also called zero vector).

Example 5 The two row vectors vl [5 12] and v} =[10-24] are linearly
dependent because

200 =2[5 12]=[10 24] =,

The fact that one vector is a multiple of anothér vector illustrates the simplest
case of linear comblnatlon Note again that this last equation may be written
equivalently as :

20} — v =0

where 0’ represents the null row vector [0 ~0].

With the introduction of null vectors, linear dependence may be redefined as

follows. A set of m-vectors v),./., v, is linearly dependent if and only if there
exists a set of scalars k,..., k, (not all zero) such that

Y ko= 0

i=1 (mX1)

If this equation can be satisfied only when k, = 0 for all i, on the other hand, these
vectors are linearly independent.

The concept of linear dependence admits of an easy geometric interpretation
also. Two vectors # and 2u—one being a multiple of the other—are obviously
dependent. Geometrically, in Fig. 4.3a, their arrows lie on a single straight line.
The same is tru¢ of the two dependent vectors u and —u in Fig. 4.3b. In contrast,
the two vectors~u, and v of Fig. 4.3¢ are linearly independent, because it is
impossible to express one as a multiple of the other. Geometrically, their arrows
do not lie.on a’single straight line.

When more than two vectors in the 2-space are considered, there emerges this
significant conclusion: once we have found two linearly independent vectors in the
2-space (say, 4 and v), all the other vectors in that space will be expressible as a
linear combination of these (u and v). In Fig. 43¢ and d, it has already been
illustrated how the two simple linear combinations v + u and v — u can be found.
Furthermore, by extending, shortening, and reversing the given vectors u and v
and then combining these into various parallelograms, we can generate an infifiite
number of new vectors, which will exhaust the set of all 2-vectors. Because of this,
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any set of three or more 2-vectors (three or more vectors in a 2-space) must be
linearly dependent. Two of them can be independent, but then the third must be a
linear combination of the first two.

Vector Space

The totality of the 2-vectors generated by the various linear combinations of two
independent vectors u and v constitutes the two-dimensional vector space. Since
we are dealing only with vectors with real-valued elements, this vector space is
none other than R?, the 2-space we have been referring to all along. The 2-space
cannot be generated by a single 2-vector, because “linear combinations” of the
latter can only give rise to the set of vectors lying on a single straight line. Nor
does the generation of the 2-space require more than two linearly independent
2-vectors—at any rate, it would be impossible to find more than two.

The two linearly independent vectors u and v are said to span the 2-space.
They are also said to constitute a basis for the 2-space. Note that we said a basis,
not the basis, because any pair of 2-vectors can serve in that capacity as long as
they are linearly independent. In partictlar, consider the two vectors {1 0] and
[0 1], which are called unit vectors. The first one plots as an arrow lying along
the horizontal axis, and the second, an arrow lying along the vertical axis. Because
they are linearly independent, they can serve as a basis for the 2-space, and we do .
in fact ordinarily think of the/2-space as spanned by its two axes, which are
nothing but the extended versions of the two unit vectors.

By analogy, the three-dimensional vector space is the totality of 3-vectors,
and it must be spanned by exactly three linearly independent 3-vectors. As an
illustration, consider the set of three unit vectors

1 0 0
47) e =}0 e =11 e;=10
0 0 1

where each e, is'a vector with 1 as its ith element and with zeros elsewhere. These
three vectorstare obviously linearly independent; in fact, their arrows lie on the
three axes-of the 3-space in Fig. 4.4. Thus they span the 3-space, which implies
that the entire 3-space (R>, in our framework) can be generated from these unit
’ 1

vectors. For example, the vector | 2 | can be considered as the linear combination

e+ 2e, + 2e,. Geometrically, we:2 can first add the vectors e, and 2e, in Fig. 4.4
by. the parallelogram method, in order to get the vector represented by the point
(1,2,0) in the x,x, plane, and then add the latter vector to 2e;—via the
parallelogram constructed in the shaded vertical plane—to obtain the desired
finalresult, at the point (1,2, 2).

The further extension to n-space should be obvious. The n-space can be
defined as the totality of n-vectors. Though nongraphable, we can still think of the
n-space as being spanned by a total of n (n-element) unit vectors that-are all
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283 I
0,0,2) ¢

e1+2ey+2e3

e (1,2,2)
0
e, // €2
.~ T
. /(llolo) //(0'2'65\ X2
1 .
e; +2e;
1,2,0)
Figure 4.4

linearly independent. Each n-vector, being an ordered n-tuple, represents a point
in the n-space, or an arrow extending from the point of origin (i.e., the n-element
null vector) to the said point. And any given set of n linearly independent
n-vectors is, in fact, capable of generating the entire n-space. Since, in our
discussion, each element of the n-vector’is restricted to be a real number, this
n-space is in fact R".

The n-space referred “to-above is sometimes more specifically called the
euclidean n-space (named after Euclid). To explain this latter concept, we must
first comment briefly on the concept of distance between two vector points. For
any pair of vector points'w and v in a given space, the distance from u to v is some
real-valued function

d=d(u,v)

with the following properties: (1) when u and v coincide, the distance is zero; (2)

when the’two points are distinct, the distance from u to v and the distance from v
to u are represented by an identical positive real number; and (3) the distance
between # and v is never longer than the distance from u to w (a point distinct
from u and v) plus the distance from w to v. Expressed symbolically,

d(u,v)=0 (for u = v)
d(u,v)=d(v,u)>0 . (foru + v)
d(u,v) < d(u,w) + d(w, v) (forw # u, v)
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The last property is known as the triangular inequality, because the three points u,
v, and w together will usually define a triangle.

When a vector space has a distance function defined that fulfills the above
three properties it is called a metric space. However, note that the distance d(u, v)
has been discussed above only in general terms. Depending on the specific form
assigned to the 4 function, there may result a variety of metric spaces: The
so-called “euclidean space” is one specific type of metric space, with ‘a distance
function defined as follows. Let point # be the n-tuple (a,, a,,..., a/) and point v
be the n-tuple (b, b,,..., b,); then the euclidean distance function is

d(u,0) = {(a, = b,) + (ay = by)* + - + (a, — b,)}

where the square root is taken to be positive. As can be easily verified, this specific
distance function satisfies all three properties enumerated-above. Applied to the
two-dimensional space in Fig. 4.3a, the distance between the two points (6, 4) and
(3,2) is found to be

J6-3P7+@-2=V3?+22=y13

This result is seen to be consistent with Pythagoras’ theorem, which states that the
length of the hypotenuse of a right-angled triangle is equal to the (positive) square
root of the sum of the squares of the lengths of the other two sides. For if we take
(6,4) and (3,2) to be u and v, and plot a new point w at (6, 2), we shall indeed
have a right-angled triangle with the lengths of its horizontal and vertical sides
equal to 3 and 2, respectively, and the length of the hypotenuse (the distance
between « and v) equal to V32 + 22 =13

The euclidean distance function can-also be expressed in terms of the square
root of a scalar product of two vectors. Since u and v denote the two n-tuples
(a;,-..,a,)and (b,,...,b,), we can write a column vector ¥ — v, with elements
a, ~ by,a,—b,,...,a, b, ~What goes under the square-root sign in the
euclidean distance function'is, of course, simply the sum of squares of these n
elements, which, in/«view of Example 3 above, can be written as the scalar product
(u — v)(u — v). Hence we have

 d(u,0) = (u=0)(u - 0)

EXERCISE 4.3

1.Givenw’=1[5 2 3, v =[3 1 9,w=[7 § 8], and x" =[x, x, x3], write
out the column vectors, u, v, w, and x, and find
@y u’ (¢) xx’ (e) u'v (g) w'u

(b) uw’ (d)v'u (f)w'x (h) x'x
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2 Givenw = ; = x,] ___[y,] and z = Zl]'

16 X 1 Ya |’ ]
(a) Which of the following are defined: w'x, x'y’, xy’, y'y, zz', yw’, x - y?
(b) Find all the products that are defined.

3 Having bought n items of merchandise at quantities Q,,..., O, and prices P{,...,\B,,

how would you express the total cost of purchase in (a¢) L notation and (b) vector
notation?

4 Given two nonzero vectors w, and w,, the angle # (0° < 6 < 180°) they form is related
to the scalar product wiw, (= wyw,) as follows:

acute >
0 is a(n) { right } angle if and only if w,’w2< = }0
obtuse <

Verify this by computing the scalar product for each of the following pair of vectors (see
Figs. 4.3 and 4.4):

@ [flm=[i] @w=|o)n- ]

0 0

ol ]

0
oneli}me[

S Givenu = [?] andov = [(3)], find the following graphically:
(a) 2v (Yu-—v (e) 2u 4+ 30
D) u+vo (dy v—u (f)du=20

6 Since the 3-space is spanned by the three unit vectors defined in (4.7), any other 3-vector
should be expressible as a linear combination of e, e,, and e;. Show that the following

3-vectors can be so expressed:
4 15 -1 2
(a) {7 (b) [\ =2 (¢) 3 (d) |0
0 1 9 8

7 In the three-dimensional euclidean space, what is the distance between the following
points?
(a) (3,2,8)and (0, — 1,5) (b) (9,0,4) and (2,0, - 4)

8 The triangular inequality is written with the weak inequality sign <, rather than the
strict inequality sign < . Under what circumstances would the “ = ” part of the inequality
apply?

9 Express the length of a radius vector v in the euclidean n-space (i.e., the distance from
the origin to point v) in terms of:
(a)-scalars (b) a scalar product (¢) an inner product
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4.4 COMMUTATIVE, ASSOCIATIVE, AND DISTRIBUTIVE LAWS

In ordinary scalar algebra, the additive and multiplicative operations obey the
commutative, associative, and distributive laws as follows:

Commutative law of addition: a+b=>b+la
Commutative law of multiplication: ab =/ba
Associative law of addition: » (a+b)+c=a+(b+ )
Associative law of multiplication: (ab)c = a(bc)
Distributive law: ‘ a(b 4 ¢y=ab + ac

These have been referred to during the discussion of the similarly named laws
applicable to the union and intersection of sets. Most, but not all, of these laws
also apply to matrix operations—the significant exception being the commutative
law of muitiplication.

Matrix Addition

Matrix addition is commutative as well as associative. This follows from the fact
that matrix addition calls only for the addition of the corresponding elements of
two matrices, and that the order in which each pair of corresponding elements is
added is immaterial. In this context, incidentally, the subtraction operation
A — B can simply be regarded as the addition operation 4 + (— B), and thus no
separate discussion is necessary.

The commutative and associative laws can be stated as follows:

Commutative law A+B=B+ A4
PROOF A + B = [a,.j] + [bij] = [aij + bij] = [bij + a,-j] =B+ 4

6 2

- 13 1 _
Example 1 leenA—[O 2]and3—[3 4

], we find that

- _19 3
A+B=B+A4 [3 6]

Associative law (A+B)+C=4+(B+ ()

PrOOCE (4 + B) + C= la;; + b1+ [e;;]= la,; + b;; + ¢l

l

=la;]1+[b;+c,]=A4+(B+C)

?], and vy = [g], we find that

o= (-] [3

Example 2 Given v, = [2], v, = [
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which is equal to

aetnmr= [ 211

Applied to the linear combination of vectors kv, + --- + k,v,, this law

n-n’

permits us to select any pair of terms for addition (or subtraction) first, instead of
having to follow the sequence in which the » terms are listed.

Matrix Multiplication

Matrix multiplication is not commutative, that is,
AB # BA

As explained previously, even when AB is defined, BA may not be; but even if
both products are defined, the general rule is still AB # BA.

-1

_|r 2 _10
Example 3 LetA—[3 4]andB [_6 7

];then
g |1@F26) =D +2n] _[12 13
S 13(0) +4(6) 3(—=1)+4(7)) |24 25

0(1) — 1(3)  0(2) = 1(4) _[—3 —4]

but  BA=160)+13) 6@ L1 | 27 40

Example 4 Letu’ bel X 3 (a rowvector); then the corresponding column vector
u must be 3 X 1. The product «’u will be'l' X 1, but the product uu’ will be 3 X 3.
Thus, obviously, u'u + uu’. o ) ,

In view of the general rule 4B ¥ BA, the terms premultiply and postmultiply
are often used to specify the order of multiplication. In the product 4B, the
matrix B is said to be premultiplied by 4, and 4 to be postmultiplied by B.

There do exist interesting-exceptions to the rule AB # BA, however. One such
case is when A is a square matrix and B is an identity matrix. Another is when 4
is the inverse of B, that is, when 4 = B~'. Both of these will be taken up again
later. It should-also be remarked here that the scalar multiplication_of 4 matrix.
does obey the commutative law; thus

kA = Ak
if k is a scalar. .
Although'it is not in general commutative, matrix multiplication is associa-

tive:

—l

Associative law (AB)C = A(BC )= ABC

In forming the product ABC, the conformability condition must naturally be
satisfied by each adjacent pair of matrices. If A is m X n and if C is p X ¢, then

B
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conformability requires that B be n X p:

A B C
(mXn) (nxp) (pXq)
Note the dual appearance of » and p in the dimension indicators. If the
conformability condition is met, the associative law states that any adjacent pair
of matrices may be multiplied out first, provided that the product is duly inserted
in the exact place of the original pair.

X, a, 0
Example 5 1f x = X, and 4 = 0 a.l then
22

1nx

X'Ax = x (Ax) =[x, x2][a22x2

_ 2 2
] =apxy + ayx;

which is a weighted” sum of squares, in contrast(to the simple sum of squares
given by x’'x. Exactly the same result comes from ~

, X1 2 2
(x'4)x = [a,x, azzxz][xz] =apXy, T anx;
Matrix multiplication is also distributive,

Distributive law ~ A(B + C) = AB + AC [premultiplication by A]
(B+ C)A=BA+/CA [postmultiplication by A]

In each case, the conformability conditions for addition as well as for multiplica-
tion must, of course, be observed:

EXERCISE 4.4

. _ (36 -1 7 _13 4 .
1 Given 4 = 5 4],8 [ 8 4],andC [l 9],venfythat

(a) (A+ By+€C=4+ (B + C)
(b) (A +B)y~C=A4+(B-0C)
2 The subtraction of a matrix B may be considered as the addition of the fhatrix (-DB.

Does the commutative law of addition permit us to state that 4 — B = B — 47 If not, how
would you correct the statement?

3 “Test the associative law of multiplication with the following matrices:

1 0
0 3

7 1

“Ts 3 _[-8 0 7 _
A_[OS]B[132C

4 Prove that for any two scalars g and k
(a) k(A + B)=kA + kB
(b)Y (g+k)A=gAd+ kA
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§ Prove that (4 + BY(C + D)= AC + AD + BC + BD.

6 If the matrix 4 in Example 5 had all its four elements nonzero, would x’'Ax still give &
weighted sum of squares? Would the associative law still apply?

4.5 IDENTITY MATRICES AND NULL MATRICES

Identity Matrices

Reference has been made earlier to the term identity matrix./Such a matrix is
defined as a square (repeat: square) matrix with 1s in its prmmpal d1agona1 and Os_
everywhere else. It is denoted by the symbol I, or I, in which the’ “subscript n
serves to indicate its row (as well as column) dlmenswn Thus,

1 0 0
wely 1] eefo ]
1

But both of these can also be denoted by I,

The importance of this special type of matrix/lies in the fact that it plays a
role similar to that of the number 1 in scalar ‘algebra. For any number a, we have
I(a) = a(l) = a. Snmlarly, for any matrix 4, we have

(48) IA=AI=4

1 2 3
) 0 3],then

IA=[<1) ?”é : 3] [; 0 3]=A

1 ‘o0
1 2 3
AI‘[203[81 }[203]“1

Example 1 Let A = [

0

Because A4 is 2 X 3, premultiplication and postmultiplication of 4 by I would call
for identity matrices.of different dimensions, namely, I, and I, respectively. But
in case A is m X n;-then the same identity matrix I, can be used, so that (4.8)
becomes /.4 =AI,, thus illustrating an exception to the rule that matrix multi-
plication is not commutative.

The special nature of identity matrices makes it possible, during. gf?lﬁaﬁb
e matrix

cation process, to insert or delete_an identity matrix without affectin
product. This follows directly from (4.8). Recalling the associative law, we have,
for instance;

A4 I B =(AI)B= A B

(mXn) (nXn) (nXp) (mXn) (nXp)

which shows that the presence or absence of I does not affect the product.
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Observe that dimension conformability is preserved whether or not I appears in
the product. v
An interesting case of (4.8) occurs when 4 = I, for then we have

AL = (1) =1,

which states that an identity matrix squared is equal to 1tself A gengralization of
this result is that

(1) =1, (k=1,2,...)

An identity matrix remains unchanged when it is multiplied by itself any number
of times. Any matrix with such a property (namely, A4 = 4) is referred to as an

zdempotent matrix. ~
e ——

Null Matrices

Just as an identity matrix I plays the role of the number 1, a null matrix—or zero
matrix—denoted by 0, plays the role of the'number 0. A null matrix is simply a
matrix whose elements are all zero. Unlike 1, the zero matrix is not restricted to
being square. Thus it is possible to write

0 = [ 0 0 0 = [0 0 o]
2x2) 0 0 @x3) 0 0 0
and so forth. A square null matrix is-idempotent, but a nonsquare one is not.
(Why?)
As the counterpart of the number 0, null matrices obey the following rules of
operation (subject to conformability) with regard to addition and multiplication:

] and

A+ 0 =0 + A = 4
(mXn) (mXxn) (mX'n) {(mXn) (mXn)
A 0 =0 and 0 A = 0
(mXn) (nXp) {mXp) (gXm) (mXn) (gXxn)

Note that, in multiplication, the null matrix to the left of the equals sign and the
one to the right may be of different dimensions.

Exampie 2
o4 4 0 O} - [a” ‘112] =
A4+ O - [(121 azz] + [O O N a2] 022 =4
p e : e ———

a, 4ap ‘113]8 =[O]= 0
0 0 @x1)

4 0 = [
@x3) 3x1) a ap a4
To the left, the null matrix is a 3 X 1 null vector; to the right, it is a 2 X 1 null
vector. :
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Idiosyncracies of Matrix Algebra

Despite the apparent similarities between matrix algebra and scalar algebra, the
case of matrices does display certain idiosyncracies that serve to warn us not to
“borrow” from scalar algebra too unquestioningly. We have already seen that,in
general, 4B + BA in matrix algebra. Let us look at two more such idiosyncracies
of matrix algebra.

For one thing, in the case of scalars, the equation ab = 0 always implies that
either a or b is zero, but this is not so in matrix multiplication. Thus, we have

_ {2 41 -2 4(_(0 0] _
AB_[l 2” 1 —2]‘[0 0] 0
although neither 4 nor B is itself a zero matrix.

As another illustration, for scalars, the equation ¢d = ce(with ¢,+ 0) implies
that d = e. The same does not hold for matrices. Thus, given

_12 3 11 1 _[-2 1
=[5 5] o-[i 3] =[]
we find that
5 8
15 24
even though D # F.
These strange results actually pertain only to the special class of matrices
known as singular matrices, of which/the matrices 4, B, and C are examples.
(Roughly, these matrices contain a row which is a multiple of another row.)

Nevertheless, such examples do reveal the pitfalls of unwarranted extension of
algebraic theorems to matrix operations.

CD=CE=[

EXERCISE 4.5

GivenA=[—(1) s 4] b~[ ]andx=[i'2]:

1 Calculate: (a) AF (b) I4 (¢) Ix (d) x'1
Indicate the dimension of the identity matrix used in each case.
2 Calculate: (a) 4b (b) AIb (¢) x'IA (d) x'A
Does the insertion of I in (b) affect the result in (a)? Does the deletion of I in (d) affect
the result in (¢)? ’

3 What is_the dimension of the null matrix resulting from each of the following?
{a) Premultiply A4 by a 4 X 2 null matrix.
(b) Postmultiply 4 by a 3 X 6 null matrix.
(¢) Premultiply b by a 4 X 3 null matrix.
(d) Postmultiply x by a 1 X 5 null matrix.
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4 Show that a diagonal matrix, i.e., a matrix of the form

a, 0 0
0 ay 0
0 0 a

can be idempotent only if each diagonal element is either 1 or 0. How many different
numerical idempotent diagonal matrices of dimension n X n can be constructed altogether
from the matrix above?

4.6 TRANSPOSES AND INVERSES

When the rows and columns of a matrix 4 are interchanged—so that its first row
becomes the first column, and vice versa—we obtain the transpose of A, which is
denoted by A’ or A”. The prime symbol is by no ‘Means new to us; it was used
earlier to distinguish a row vector from a célumn vector. In the newly introduced
terminology, a row vector x’ constitutés the transpose of the column vector x. The
superscript T in the alternative symbol is* obviously shorthand for the word
transpose.

Examplel Given A = [3 8§ —~ 9} and B = [3 4], we can inter-
2x3) 1 0 4 (2x2) 7 -
change the rows and columns and-write
3 1
A =| 8 o/  and B = [3 ! ]
(3x2) 9 4 2x2) 4 7

By definition, if a matrix 4 is m X n, then its transpose A" must be n X m. An
n X n square matrix, however, possesses a transpose with the same dimension.

1 0 4

Example 2 IfC=[9 _l]andD= 0 3 7| then
20
4 7 2
1 0 4
C’=[_? (2)] and D=0 3 7
4 7 2

Here, the dimension of each transpose is identical with that of the original matrix.

InD’, we also note the remarkable result that D’ inherits not only the
dimension of D but also the original array of elements! The fact that D’ = D is
the result of the symmetry of the elements with reference to the principal
“diagonal. Con31der1ng the principal d1agonal in D as a mirror, the elements ™
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located to its northeast are exact images of the elements to its southwest; hence
the first row reads identically with the first column, and so forth. The matrix D
exemplifies the special class of square matrices known as symmetric matrices.
Another example of such a matrix is the identity matrix I, which, as a symmetrlc
matrix, has the transpose I' = 1.

Properties of Transposes
The following properties characterize transposes:
(4.9) (&) =4
(4100 (A+B)=A4A"+PF
(411) (ABY = B'A’
The first says that the transpose of the transpose is-the original matrix—a
rather self-evident conclusion.

The second property may be verbally stated thus:-the transpose of a sum is
the sum of the transposes.

Example 3 1f A = [g (1)] and B = [2 O], then

71
oo 111
and A’+B’=[‘;r (?)] ] [6 16] ~

The third property is that the transpose of a product is the product of the
transposes in reverse order. To appreciate the necessity for the reversed order, let
us examine the dimension conformability of the two products on the two sides of
(4.11). If we let A be m X nand B be n X p, then AB will be m X p, and (AB)
will be p X m. For equality to hold, it is necessary that the right-hand expression
B’ A’ be of the idéntical dimension. Since B’ is p X n and A’ is n X m, the product
B’A’ is indéed p-X m, ds required. The dimension of B’A" thus works out. Note
that, on the other hand, the product A’B’ is not even defined unless m = p.

A
AN

_1],wehave A

\ _ {1 2 _ 10
Example 4 G1venA—[3 4]andB [6

7 - XA
[ 12 13| = 12 24 : DL 38 Kf} j - P
(AB) [24 25 [13 25] A )»r A
Y VISR AN A
and B'A =[__1 ”2 4] [ 25] D'ﬂ/: R

This verifies the property.
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Inverses and Their Properties

For a given matrix A4, the transpose A" is always derivable. On the other hand, its
inverse matrix—another type of “derived” matrix—may or may not exist. The
inverse of matrix 4, denoted by A~ !, is defined only if A4 is a square matrix, in
which case the inverse is the matrix that satisfies the condition

(412) AA'=A"U=1

That is, whether A is pre- or postmultiplied by 4!, the product will be the same
identity matrix. This is another exception to the rule that matrix- multiplication is
not commutative.

The following points are worth noting:

1. Not every square matrix has an inverse—squareness-is a necessary condition,
but not a sufficient condition, for the existence'of an inverse. If a square matrix
A has an inverse, A4 is said to be nonsingular; if A possesses no inverse, it is
called a singular matrix.

2. If A~" does exist, then the matrix A can be regarded as the inverse of 4!, just
as A~ ! is the inverse of A. In short, A and’4 ! are inverses of each other.

3. If A is n X n, then 4! must also be’r X n; otherwise it cannot be conform-
able for both pre- and postmultiplication. The identity matrix produced by the
multiplication will also be n X"#.

4. If an inverse exists, then it is unique. To prove its uniqueness, let us suppose
that B has been found to be an inverse for 4, so that

AB=BA =1
Now assume that there is another matrix C such that AC = C4 = 1. By
premultiplying both sides of AB = I by C, we find that [~

CAB = CI(=C)  [by(4.8)]
Since CA = 1 by assumption, the preceding equation is reducible to

1B =.C or B=C

That is, Band C must be one and the same inverse matrix. For this reason, we
can speak-of the (as against an) inverse of A.

5. The two parts of condition (4.12)—namely, A4 ™! = Tand A4 = I—actually
imply each other, so that satisfying either equation is sufficient to establish the
inverse relationship between 4 and 4 ~!. To prove this, we should show that if
AA~Y, = I, and if there is a matrix B such that B4 = I, then B = A~ (so that
BA = I must in effect be the equation 4~ '4 = I'). Let us postmultiply both
sides of the given equation BA = I by A~"; then

(BAYA™' = 14"
B(AA ') =14"" [associative law]
BI=14~" [AA~' = I by assumption]
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Therefore, as required,
B=A4"" [by (4.8)]

Analogously, it can be demonstrated that, if 4~'4 = I, then the only matrix/C
which yields CA~! = I'is C = A.

| =13 1 _1[2 —1]_ .
Example 5 Let A = [0 2] and B = 5 [0 L then, since the' scalar

multiplier () in B can be moved to the rear (commutative law), we can write
3 - _[1 0]
AB = [0 2”0 3]6 [0 6 6 [0 1]

This establishes B as the inverse of A4, and vice versa. The reverse multiplication,
as expected, also yields the same identity matrix:

BA—6[ _3”0 2] 6 0 6] (1’ (1)

The following three properties of inverse matrices are of interest. If A and B
are nonsingular matrices with dimension n X n, then:

413) (4 '=4
(4.14)  (4B) '=B 4!
(4.15) (4 '=(a"ty

The first says that the inverse of an inverse-is’ the original matrix. The second
states that the inverse of a product is the product of the inverses in reverse order.
And the last one means that the inverse-of the transpose is the transpose of the
inverse. Note that in these statements the existence of the inverses and the
satisfaction of the conformability condition are presupposed.

The validity of (4.13) is fairly obvious, but let us prove (4.14) and (4.15).
Given the product 4B, let us:find-its inverse—call it C. From (4.12) we know that
CAB = I; thus, postmultiplication of both sides by B~'4~! will yield
(4.16)  CABB A~} =1IB A" (=B capsa". v K

-

But the left side is reducible to C - A 0"
CA(BB™V)A~!' = C4l4™! [by (4.12)]
=CAA™'=CI=C [by(4.12) and (4.8)]

Substitution of this into (4.16) then tells us that C = B~'4~! or, in other words,
that the inverse of /4B is equal to B~'4 !, as alleged. In this proof, the equation
AA~' = A='4 =T was utilized twice. Note that the application of this equation
is permissible if and only if a matrix and its inverse are strictly adjacent to each
other in a product. We may write A4~ 'B = IB = B, but never ABA™' =

The proof of (4.15) is as follows. Given A’, let us find its inverse—call it D.
By definition, we then have DA’ = I. But we know that

(AA7y =T =1
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produces the same identity matrix. Thus we may write
DA = (AA'Y
=(47'ya  [by(4.11)]
Postmultiplying both sides by (A4’)”!, we obtain
DA(AY ' = (A" YA(4) !
or D=(A"'Y by (4.12)]

Thus, the inverse of A’ is equal to (A4'Y, as alleged.

In the proofs just presented, mathematical operations were performed on
whole blocks of numbers. If those blocks of numbers had not /been treated as
mathematical entities (matrices), the same operations-would have been much
more lengthy and involved. The beauty of matrix|algebra lies precisely in its
simplification of such operations.

Inverse Matrix and Solution of Linear-Equation System

The application of the concept of invérse matrix to the solution of a simulta-
neous-equation system is immediate/and direct. Referring to the equation system
in (4.3), we pointed out earlier that it can be written in matrix notation as
(4.17) A x = d

(B3x3) 3xl)  (BX1)
where 4, x, and d are as defined in (4.4). Now if the inverse matrix 4~ ! exists, the
premultiplication of both sides of the equation (4.17) by 4! will yield

A ' Ax=A"'d

or

(4.18) x = A
3x1) BX3H3X

-
The left side of((4.18) is a column vector of variables, whereas the right-hand
product is a column vector of certain known numbers. Thus, by definition of the
equality of matrices-or vectors, (4.18) shows the set of values of the variables that
satisfy the equation system, i.e., the solution values. Furthermore, since A~ ' is
unique if it ‘exists, 4~ 'd must be a unique vector of solution values. We shall
therefore write’the x vector in (4.18) as X, to indicate its status as a (unique)
solution.

Methods of testing the existence of the inverse and of its calculation will be
discussed in the next chapter. It may be stated here, however, that the inverse of
the matrix 4 in (4.4) is ‘

1 18 —-16 -10
A“=5—2—13 26 13

-17 18 21
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Thus (4.18) will turn out to be

3 18 —16 - 10 22 2
% | = 5i2 13 6 3
%, 17 1

which gives the solution: X, = 2, X, = 3, and X; =

The upshot is that, as one way of finding the solutlon of a linear-equation
system Ax = d, where the coeflicient matrix A4 is nonsingular, we can first find the
inverse 47!, and then postmultiply 4 ! by the constant vector d. The product
A~'d will then give the solution values of the variables.

~N

£
EXERCISE 4.6
)P'X
. _ 2 4 13 8 _|1 0 9 %Y ' -
lleenA—[_1 3],3—[0 1],andC [6 1 l] find-4’, B’, and.C’.

2 Use the matrices given in the preceding problem to verify that

(a) (A+BY =A + B (b) (ACY = C'A’
3 Generalize the result (4.11) to the case of a product of three matrices by proving that,
for any conformable matrices 4, B, and C, the equation{ABC) = C’'B’A’ holds.

4 Given the following four matrices, test whether any one of them is the inverse of
another:

_[1 12 _[1 1 o Rl N B
D‘[o 3 E‘[s 8] F‘[o %] G_[_3

5 Generalize the result (4.14) by proving that, for, any conformable nonsingular matrices
A, B, and C, the equation (4BC) ' = C™'B74~".
6 Letd=1—X(X'X)'X.
(a) Must 4 be square? Must (X”X) be square? Must X be square?
(b) Show that matrix A4 s idempotent. [Note: If X’ and X are not square, it is
inappropriate to apply (4.14)}]

Nl— M=

=




CHAPTER

FIVE

LINEAR MODELS AND MATRIX ALGEBRA
(CONTINUED)

In Chap. 4, it was shown that a linear-equation system, however large, may be
written in a compact matrix notation. Furthermore, such an equation system can
be solved by finding the inverse of the coefficient matrix, provided the inverse
exists. Now we must-address ourselves to the questions of how to test for the
existence of the inverse and how to find that inverse. Only after we have answered
these questions ‘will-it, be possible to apply matrix algebra meaningfully to
economic models:

5.1 < CONDITIONS FOR NONSINGULARITY OF A MATRIX

A given coefficient matrix 4 can have an inverse (i.€., can be *“nonsingular”) only
if it is square. As was pointed out earlier, however, the squareness condition is
necessary but not sufficient for the existence of the inverse A '. A matrix can be
square, but singular (without an inverse) nonetheless.

Necessary versus Sufficient Conditions

The concepts of “necessary condition” and “sufficient condition” are used
frequently in economics. It is important that we understand their precise mean-
ings before proceeding further.

88 o

(&
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A necessary condition is in the nature of a prerequisite: suppose that a
statement p is true only if another statement g is true; then ¢ constitutes a
necessary condition of p. Symbolically, we express this as follows:

(51) p=g

which is read: “p only if ¢,” or alternatively, “if p, then ¢.” It is also logically
correct to interpret (5.1) to mean “p implies q.” It may happen, of course, that we
also have p = w at the same time. Then both ¢ and w are necessary conditions
for p.

Example 1 1f we let p be the statement “a person is a father” and g be the
statement ““a person is male,” then the logical statement p-= g applies. A person
is a father only if he is male, and to be male is a necessary condition for
fatherhood. Note, however, that the converse is not true: fatherhood is not a
necessary condition for maleness.

A different type of situation is that in which a statement p is true if g is true,
but p can also be true when ¢ is not true. In this case; ¢'is said to be a sufficient
condition for p. The truth of ¢ suffices for the establishment of the truth of p, but
it is not a necessary condition for p. This case is’expressed symbolically by

(52) pe=gq N
which is read: “p if ¢” (without the word “only”)—or alternatively, “if ¢, then
p,” as if reading (5.2) backwards. It can also beinterpreted to mean “g implies p.”

Example 2 1f we let p be the statement-“one can get to Europe” and ¢ be the
statement “one takes a plane to‘Europe,” then p < ¢. Flying can serve to get one
to Europe, but since ocean transportation is also feasible, ﬂylng is not a
prerequ1s1te We can write p<g, but not p = q.

In a third possible situation, g is both necessary and sufficient for p. In such
an event, we write

(5.3)7”__3 ©q N

which is read: “p-if and only if ¢ (also written as “p iff ¢”). The double-headed
arrow is really a combination of the two types of arrow in (5.1) and (5.2); hence
the joint use of the two terms “if” and “only if.” Note that (5.3) states not only

that Lp implies g but also that ¢ 1m2hes D.

Example 3 If we let p be the statement “there are less than 30 days in the
month™ and g be the statement “it is the month of February,” then p < ¢. To
have lesy than 30 days in the month, it is necessary that it be February.
Conversely, the specification of February is sufficient to establish that there are
less-than 30 days in the month. Thus ¢ is a necessary-and-sufficient condition
forp. .
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In order to prove p = ¢, it needs to be shown that ¢ follows logically from p.
Similarly, to prove p < g requires a demonstration that p follows logically from g.
But to prove p < g necessitates a demonstration that p and g follow from each
other.

Conditions for Nonsingularity

When the squareness condition is already met, a sufficient| condition for the
nonsingularity of a matrix is that its rows be linearly mdependent (or, what
amounts to the same thing, that its columns be linearly independent). When the
dual conditions of squareness and linear independence are taken together, they
constitute the necessary-and-sufficient condition for nonsingularity (nonsingular-
1ty © squareness and linear independence)..

An n X n coefficient matrix A can be considered as an ordered set of row

vectors, i.e., as a column vector whose elements are themselves row vectors:

it
ay  4ap A1y .
02
A=|% 92 A | =
a, a4, Ayn v
where v} =[a;, a, --- a,)i=12..,n For the rows (row vectors) to be

linearly_independent, none must be a 11near combination of the rest. More
formally, as was mentioned in Sec. 4.3, linear row independence requires that the
only set of scalars k, which can satisfy the vector equation

(54) Y kuvi= 0

i=1 (1 Xn)

be k;, = 0 for all i.

Example 4 1f‘the coefficient matrix is

3.4\ 5 v)
A=10"1 2|=|0v ¢
6 8 10 0]

then; since [6 8 10]=2[3 4 5], we have v} = 20| = 20} + 0v}. Thus the
third row is expressible as a linear combination of the first two, and the rows are
not linearly independent. Alternatively, we may write the above equation as

20)+0vy—0vy=[6 8 10]+[0 0 0]—[6 8 10]=[0 0 0]

Inasmuch as the set of scalars that led to the zero vector of (5.4) is not k;, = 0 for
all 4, it follows that the rows are linearly dependent.

T
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Unlike the squareness condition, the linear-independence condition cannot
normally be ascertained at a glance. Thus a method of testing linear independence
among rows (or columns) needs to be developed. Before we concern ourselves
with that task, however, it would strengthen our motivation first to have an
_ intuitive understanding of why the linear-independence condition is heaped
together with the squareness condition at all. From the discussion of counting
equations and unknowns in Sec. 3. 4 we recall the general conclusmn that, fora
same number of equations as unknowns. In addmon the vequatzons mnst be
consistent with and functionally independent (meaning, in the present context of

linear systems, linearly independent) of one another. There is-a fairly obvious
tie-in between the “same number of equations as unknowns” criterion and the
squareness (same number of rows and columns) of the coefficient-matrix. What
the “linear independence among the rows” requirement does is-to preclude the
inconsistency and the linear dependence among the equations as well. Taken
together, therefore, the dual requirement of squareness and row independence in
the coefficient matrix is tantamount to the conditions for the existence of a unique
solution enunciated in Sec. 3.4.

Let us illustrate how the linear dependence among the rows of the coefficient
matrix can cause inconsistency or linear dependence among the equations them-
selves. Let the equation system Ax = d‘take the form

10 4]]x, d,

5 2{|x,| |4,
where the coefficient matrix A contains linearly dependent rows: v} = 2vj. (Note
that its columns are also dependent, the first being 3 of the second.) We have not
specified the values of the constant terms d, and d,, but there are only two
distinct possibilities regarding their relative values: (1) d, = 2d, and (2) d, # 2d,.
Under the first—with, say, d, =12 and d, = 6—the two equations are consistent
but linearly dependent (just as the two rows of matrix A are), for the first equation
is merely the second equation times 2. One equation is then redundant, and the
system reduces in effect to a single equation, 5x, + 2x, = 6, with an infinite
number of solutions. For the second possibility—with, say, d, = 12 but d, =
0— the two equations are inconsistent, because if the first equation (10x, + 4x, =
12) is true, then, by halving each term, we can deduce that 5x; + 2x, = 6;
consequently the second equation (5x, + 2x, = 0) cannot possibly be true also.
Thus no ‘solution exists. )

The upshot is that no unique solution will be available (under either possibil-
ity) so long as the rows in the coefficient matrix A are linearly dependent. In fact,
the ‘only way to have a unique solution is to have linearly independent rows (or
columns) in’ the coefficient matrix. In that case, matrix 4 will be nonsingular,
which means that the inverse 4 ~' does exist, and that a unique solution ¥ = 4~'d
can be found.
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Rank of a Matrix

Even though the concept of row independence has been discussed only with
regard to square matrices, it is equally applicable to any m X n rectangular
matrix. If the maximum number of linearly independent rows that can be found
in such a matrix is r, the matrix is said to be of rank r. (The rank also tells.us the
maximum number of linearly independent columns in the said matrix.)) The rank
of an m X »n matrix can be at most m or n, whichever is smaller.

By definition, an n X n nonsingular matrix 4 has » linearly independent rows
(or_columns); consequently it must be of rank n. Conversely,-an'n X n matrix
having rank # must be nonsingular. ’

EXERCISE 5.1

1 In the following paired statements, let p be the first statement and g the second. Indicate
for each case whether (5.1) or (5.2) or (5.3) applies.

(a) It is a holiday; it is Thanksgiving Day.

(b) A geometric figure has four sides; it'is‘@’rectangle.

(¢) Two ordered pairs (a, b) and (b;a) are equal; a is equal to b.

(d) A number is rational; it can be-expressed as a ratio of two integers.

(e) A 4 X 4 matrix is nonsingular; the rank of the matrix is 4.

(f) The gasoline tank in my car is-empty; I cannot start my car. f & ¢

(g) The letter is returned to the sender for insufficient postage: the sender forgot to put
a stamp on the envelope.

2 Let p be the statement “a geometric figure is a square,” and let g be as follows:
(a) It has four sides. (7=
(b) It has four equal sides. "~ 4 &
(¢) It has four equal sides each perpendicular to the adjacent one. /&> 4
Which is true for ¢ach case: p = g, p+=gqg,orp < q?

3 Are the rows{linearly independent in each of the following?

@l spoo5 s wls i el

4 Check whether the columns of each matrix in the preceding problem are also linearly
independent. Do you get the same answer as for row independence?

5.2-- TEST OF NONSINGULARITY BY USE OF DETERMINANT

To ascertain whether a square matrix is nonsingular, we can make use of the
concept of determinant.
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Determinants and Nonsingularity

The determinant of a square matrix 4, denoted by |A4/{, is a uniquely defined
scalar (number) associated with that matrix. Determinants are defined only for

. . ay  ap| . . .
square matrices. For a 2 X 2 matrix 4 = al al , 1ts determinant 1s defined
- 21 22 |
to be the sum of two terms as follows:
a,  ap -
(5.5) 4] = a, a,|” 9udn” ‘lealzm[= a scalar]

which is obtained by multiplying the two elements in the principal diagonal of 4
and then subtracting the product of the two remaining elements: In view of the
dimension of matrix 4, |4| as defined in (5.5) is called a second-order determinant.

Example 1 Given A = [ 10 4] and B = [3 3 ], their determinants are:

8 5 0 -1

10 4|= 10(5) — 8(4) = 18

8 5
5
-1

14| =

and |B| = =3(-1)-0(5) = -3

3
0
While a determinant (enclosed by two vertical bars rather than brackets) is by
definition a scalar, a matrix as such does not-have a numerical value. In other
words, a determinant is reducible to a number;’but a matrix is, in contrast, a
whole block of numbers. It should also-be emphasized that a determinant is
defined only for a square matrix, whereas ‘a matrix as such does not have to be

square. ~— T T

e Y AP
- h

Even at this early stage of discussion, it is possible to have an;inkling of the
relationship between the linear dependence of the rows in a matrix 4, on the one
hand, and its determinant [4|, on-the other. The two matrices

<

Cc;_ss dD_d;_z 6. I+ 2!
ey T3 s a8 24| - 27

both have linearly dependent rows, because ¢} = ¢} and d; = 4d;. Both of their
determinants also-turn out to be equal to zero:

—

IC| = = 3(8) - 3(8) = 0

3.8
3 8

|D| = 2(24) - 8(6) = 0 *

2 06 I _
8 24

This_tesult strongly suggests that a “vanishing” determinant (a zero-value de-
terminant) may have something to do with linear dependence. We shall see that
this is indeed the case. Furthermore, the value of a determinant {4 | can serve not
only as a criterion for testing the linear independence of the rows (hence the
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nonsingularity) of matrix 4, but also as an input in the calculation of the inverse
A~ if it exists.

First, however, we must widen our vista by a discussion of higher-order
determinants.- - - - e e e e

Evaluating a Third-Order Determinant

A determinant of order 3 is associated with a 3 X 3 matrix. Given
ay 4 4ag
A= |4y a4y a4xn
ay; 4z a4y
its determinant has the value

a, 4, ap

a a a a
2 23 21 23
(5.6) |[4] ={@n 42 dxn|=ay, g |~ ), a
a a a 32 33 31 33
31 32 33
+a a4z dn
Blay, ay
= Q@503 — 4)Ay3d3; T(4)ad)a05 = 41,0,,43;
¥ay3a7,03 — 4130503 [ = ascalar]

Looking first at the lower line of (5.6), we see the value of [4] expressed as a
sum of six product terms, three of which-are prefixed by minus signs and three by
plus signs. Complicated as this sum may appear, there is nonetheless a very easy
way of “catching” all these six térms from a given third-order determinant. This is
best explained diagrammatically (Fig: 5.1). In the determinant shown in Fig. 5.1,

¢

Figure 5.1
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each element in the top row has been linked with two other elements via two solid
arrows as follows: a,, = @, = @33, a4y, = dy3 = dy;, and a;3 = a3, = a,,. Each
triplet of elements so linked can be multiplied out, and their product be taken as
one of the six product terms in (5.6). The solid-arrow product terms are to be
prefixed with plus signs.

On the other hand, each top-row element has also been connected with two
other elements via two broken arrows as follows: a,, = a3, = ay, a3 24572
as5, and a,; > a,, — ay,. Each triplet of elements so connected can’ also, be
multiplied out, and their product taken as one of the six terms in (5.6). Such
products are prefixed by minus signs. The sum of all the six products will then be
the value of the determinant. - )

Example 2

2 1

4;. 35; 6= (2)(5)(9) + (1)(6)(7) + (3)(8)(4) — (2)(8)(6)

~A1D@)O) - 3BT = -
i { .- Jin)=

Example 3

-7 3

g (13 451=(—7)(1)(5)+(0)(4)(0)+(3)(6)(9)—(—7)(6)(4)

= (0)(9)(5) = (3)(1)(0) = 295

This method of cross-diagonal multiplication provides a handy way of
evaluating a third-order determinant, but unfortunately it is not applicable to
determinants of orders higher'than 3. For the latter, we must resort to the
so-called “Laplace expansion” of the determinant.

Evaluating an nth-Order Determinant by Laplace Expansnon

Let us first explain the Laplace-expansion process for a third- order determinant.
Returning to the first line of (5.6), we see that the value of |A4| can also be
regarded as asum of three terms, each of which is a | product of a first-row element
|A|_—by means of certain lower-order deternunants—lllustrates the Laplace
expansion of the determinant.

The' three second-order determinants in (5.6) are not arbitrarily determined,

a a

but are specified by means of a definite rule. The first one, ‘ aii ajz , is a
subdeterminant of |A4| obtained by deleting the first row and first column of |4].
This is called the minor of the element a,, (the element at the intersection of the
deléted Tow and column) and is denoted by |M,,|. In general, the symbol |M, |

‘can _be used to represent the Jninor obtained by deleting the ith row and Jth
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column of a given determinant. Since a minor is itself a determinant, it has a
value. As the reader can verify, the other two second-order determinants in (5.6)
are, respectively, the minors |M,| and |M|;]|; that is,

_|4n Q82

Ay a4y
IMis| = a ay

as; 4as

ay Q4
dsy; das

My, =

|M,| =

A concept closely related to the minor is that of the cofactor. A cofactor,
denoted by |C|, is a minor with a prescribed algebraic sign attached to it.* The
rule of sign is as follows. If the sum of the two subscripts i and '/ in the minor
|M;,] is even, then the cofactor takes the same sign as the minor; that is,
|C;,;| = |M,,|. If it is odd, then the cofactor takes the opp051te sign to the minor;
'that is, |C, | = —|M,,|. In short, we have

4
>|Clj| = (_ 1)’7 jl ~£j|._

where it is obvious that the expression (—1)'*/ can be positive if and only if

(i +j) is even. The fact that a cofactor has a specific sign is of extreme

importance and should always be borne in mind.

1

9 8 7.
Example 4 In the determinant (6 5 4: the minor of the element 8 is
3 221
6 4
|M),| = 3 ‘ = -6

but the cofactor of the same element is
[Cial = ~[My5| =
because i + j = 1 + 2 = 3 is odd. Similarly, the cofactor of the element 4 is
|Cosl = — | My| = = 3 2l R B
Using these new concepts, we can express a third-order determinant as
(5.7) |[A| = ay | M 1'— a3 | My + a3|M,;]

3
=ay|Cnl + ap|Cpy| + ap|Cisl = Z a;|Cyjl
=1

i.e., as a sum of three terms, each of which is the product of a first-row element
and its corresponding cofactor. Note the difference in the signs of the a,,|M;|
and/a;;|C,,} terms in (5.7). This is because 1 + 2 gives an odd number.

The Laplace expansion of a third-order determinant serves to reduce the
evaluation problem to one of evaluating only certain second-order determinants.

*Many writers use the symbols M, and C; (without the vertical bars) for minors and cofactors.
We add the vertical bars to give visual emphasis to the fact that minors and cofactors are in the nature
of determinants and, as such, have scalar values.
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A similar reduction is achieved in the Laplace expansion of higher-order determi-
nants. In a fourth-order determinant |B|, for instance, the top row will contain
four elements, b, ... b,,; thus, in the spirit of (5.7), we may write

4
|B| = Z byﬂculj
=t 7

where the cofactors |C,,| are of order 3. Each third-order cofactor can’/then be
evaluated as in (5.6). In general, the Laplace expansion of an nth-order determi-
nant will reduce the problem to one of evaluating n cofactors, each of which is of
the (n — 1)st order, and the repeated application of the process will methodically
lead to lower and lower orders of determinants, eventually culminating in the
basic second-order determinants as defined in (5.5). Then the value of the original
determinant can be easily calculated. /

Although the process of Laplace expansion has been|¢ouched in terms of the

cofactors of the first-row elements, it is also feasible to expand a determinant by

the cofactor of any row or, for that matter, of any column. For instance, if the
first column of a third-order determinant |4 | consists of the elements a,,, a,,,

and a,,, expansion by the cofactors of these elements will also yield the value of -

Vi ~ ,
3
|4] = a,)|Cp\| + ay|Cyl + ay |Gyl =2 a;41Cyl
i=1
5N\ 60 1)
Example 5 Given |[A| =|2 3 04, expansion by the first row produces
7., <3 0
the result

_ 3 0
|A|—5‘_3 0

_dzoolz o3| -
6‘7 0+‘7 _3~ 0+0-27=-27

But expansion by the first column yields the identical answer:

6 1

_ 3 0|0
"”'5‘—3 0‘ 2‘—3 0

6 1
+7}3 0‘—0 6 —-21=-27

Insofar as numerical calculation is concerned, this fact affords us an oppor-
tunity to choose some “easy” row or column for expansion. A row or column with
the largest number of Os or 1s is always preferable for this purpose, because a 0
times its cofactor is simply 0, so that the term will drop out, and a 1 times its
cofactor is simply the cofactor itself, so that at least one multiplication step can
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